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Abstract
We extend topological T-duality to the case of general circle bun-
dles. In this setting we prove existence and uniqueness of T-duals.
We then show that T-dual spaces have isomorphic twisted cohomol-
ogy, twisted K-theory and Courant algebroids. A novel feature is that
we must consider two kinds of twists in de Rham cohomology and K-
theory, namely by degree 3 integral classes and a less familiar kind
of twist using real line bundles. We give some examples of T-dual
non-oriented circle bundles and calculate their twisted K-theory.
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1 Introduction
T-duality is a duality between spaces equipped with a degree 3 integral
cohomology class which arose from string theory (see for example [22] and
references therein). In this setting the spaces are equipped with metrics or
other geometric structures and the T-duality is a duality between the two
geometries.
Topological T-duality, as formulated in [7] is the result of disregarding
the more geometric aspects of T-dualty resulting in a purely topological
notion. Here one considers pairs (E, h) where E is a principal torus bun-
dle and h ∈ H3(E,Z) is a degree 3-cohomology class, the H-flux in the
physical interpretation. In this paper we extend topological T-duality from
principal circle bundles to general circles bundles which are not necessarily
orientable. The idea of developing such an extension actually arose from
considering Courant algebroids and their relation to T-duality. Many of the
results will extend to higher rank affine torus bundles but we have chosen to
focus on the circle bundle case since already this demonstrates most of the
relevant modifications one needs to make while avoiding the complications
that occur for higher rank T-duality [11], [8] which have been explained in
terms of non-commutative geometry [32], [33] and even non-associative ge-
ometry [9].
To explain our formulation of T-duality let us first recall the definition of
topological T-duality in [7] for principal U(1)-bundles. Let (E, h), (Eˆ, hˆ) be
pairs consisting of principal U(1)-bundles over a spaceM and h ∈ H3(E,Z),
hˆ ∈ H3(Eˆ,Z). We then have a commutative diagram
F
p
~~ ~
~~
~~
~~ pˆ
  @
@@
@@
@@
@
q

E
pi
  @
@@
@@
@@
@ Eˆ
pˆi~~ ~
~~
~~
~~
M
where F is the fibre product F = E×M Eˆ. The pairs (E, h), (Eˆ, hˆ) are said
to be T-dual if the following conditions hold:
• the first Chern class F = c1(E) of E equals πˆ∗hˆ
• the first Chern class Fˆ = c1(Eˆ) of Eˆ equals π∗h
• p∗h = pˆ∗hˆ
where π∗ is the push-forward or Gysin homomorphism in cohomology π∗ :
H∗(E,Z) → H∗−1(M,Z) and similarly for πˆ∗. Roughly speaking T-duality
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can be understood as an interchange between the first Chern class and part
of the H-flux. For every pair (E, h) there exists a T-dual pair (Eˆ, hˆ) which
is unique up to bundle isomorphism.
Recall that for each class h ∈ H3(E,Z) one may define a twisted K-
theory group K∗(X,h). A key property of T-duality is that the twisted
K-theories are isomorphic up to a shift in degree:
K∗(E, h) ≃ K∗−1(E, hˆ).
If the spaces are smooth manifolds and H, Hˆ are closed forms representing
h, hˆ in real cohomology then we can also define twisted cohomology and
there is an isomorphism
H∗(E,H) ≃ H∗−1(Eˆ, Hˆ)
where the twisted cohomology H∗(E,H) is the cohomology of the space
Ω∗(E) of differential forms on E thought of as a Z2-graded complex with
differential dH = d+H.
We can formulate a similar notion of T-duality for general circle bundles.
We prove existence and uniqueness of T-duals in this more general setting.
We also prove an isomorphism between the twisted K-theories and twisted
cohomologies of T-dual spaces but for this result to hold we need to consider
an additional kind of twist in K-theory and cohomology which accounts for
non-orientability of the circle bundles.
For T-duality we need to recall the classification of circle bundles and
this is done in Section 3.1. Actually we classify affine torus bundles, those
torus bundles which have a reduction of structure to the group Aff(T n) =
GL(n,Z)⋉T n of affine transformations of T n. Even if we are just interested
in the case of circle bundles this more general classification is useful because
the correspondence space F = E×M Eˆ is a higher rank torus bundle and our
proof of existence of T-duals makes careful use of the Leray-Serre spectral
sequence for F →M .
In summary affine torus bundles over M are classified by a pair (ρ, c)
where ρ is a homomorphism ρ : π1(M) → GL(n,Z) called the monodromy
and c ∈ H2(M,Λρ) is a degree 2 cohomology class with coefficients in a local
system Λρ determined by ρ, called the twisted first Chern class. Two pairs
(ρ, c), (ρ′, c′) give the same T n-bundle if and only if they are related by the
natural action of GL(n,Z).
For circle bundles the monodromy is just an element ξ ∈ H1(M,Z2)
which we also call the first Stiefel-Whitney class of E and the twisted first
Chern class an element c ∈ H2(M,Zξ) where Zξ is the system of local coef-
ficients determined by ξ.
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Now we can now give our definition of T-duality for circle bundles. Let
E → M be a circle bundle over a space M and h ∈ H3(E,Z). There is a
push-forward operation π∗ : H
∗(E,Z)→ H∗−1(M,Zξ) where Zξ is the local
system determined by the class ξ = w1(E). We say a pair (Eˆ, hˆ) consisting
of a circle bundle Eˆ → M and flux hˆ ∈ H3(Eˆ,Z) is T-dual to (E, h) if the
following conditions are satisfied:
• the Stiefel-Whitney classes agree: ξ = w1(E) = w1(Eˆ)
• F = c1(E) = πˆ∗hˆ and Fˆ = c1(Eˆ) = π∗h
• p∗h = pˆ∗hˆ.
In Proposition 4.1 we prove that for any pair (E, h) there exists a T -
dual pair (Eˆ, hˆ) having the desired properties and that (Eˆ, hˆ) is unique up
to bundle isomorphism.
For smooth manifolds we can give a description of T -duality using differ-
ential forms. If (E, h) and (Eˆ, hˆ) are T -dual pairs over M and we represent
h in real cohomology by a closed 3-form H ∈ Ω3(E) then we can give an
explicit construction for the dual 3-form Hˆ representing hˆ. For principal
circle bundles the usual construction is done by choosing connections on
E, Eˆ. We extend this construction to the more general case using a notion
of twisted connection introduced in Section 5.1. Alternatively the fibre ori-
entation class ξ ∈ H1(M,Z2) determines a double cover m : M2 → M such
that m∗(E) → M admits the structure of a principal O(2)-bundle and a
twisted connection amounts to a connection on m∗(E). From this point of
view T-duality of circle bundles can be interpreted as a T-duality of princi-
pal O(2)-bundles.
Next we compare the twisted cohomology of the pairs (E,H), (Eˆ, Hˆ).
We would like to define a map between twisted cohomologies of (E,H)
and (Eˆ, Hˆ) by means of a kind of Fourier-Mukai transform. Thus we first
perform a pull-back p∗ : H∗(E,H) → H∗(F, p∗H), then since p∗H = pˆ∗Hˆ
there is a 2-form B ∈ Ω2(F ) such that
p∗H − pˆ∗Hˆ = dB
inducing an isomorphism eB : H∗(F, p∗H) → H∗(F, pˆ∗Hˆ) given by multi-
plication by eB. The final step is a push-forward or integration over the
fibres pˆ∗ : H
∗(F, pˆ∗Hˆ) → H∗−1(Eˆ, (ξ, Hˆ)) where we have introduced a sec-
ond kind of twisted cohomology H∗(Eˆ, (ξ, Hˆ)). The lack of consistent fibre
orientation means that fibre integration picks up this additional twist. Cor-
responding to the class ξ ∈ H1(M,Z2) is a flat line bundle (Rξ,∇). We
then define H∗(Eˆ, (ξ, Hˆ)) to be the cohomology of the complex Ω∗(Eˆ,Rξ)
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with differential d∇,Hˆ = d∇ + Hˆ. Putting it all together we have defined a
T-duality map
T = pˆ∗ ◦ e
B ◦ p∗ : H∗(E,H)→ H∗−1(Eˆ, (ξ, Hˆ)).
In a similar manner there is also T-duality map
Tξ : H
∗(E, (ξ,H)) → H∗−1(Eˆ, Hˆ).
We prove in Proposition 5.5 that the maps T, Tξ are isomorphisms.
Turning now to twisted K-theory in addition to twists by classes in
H3(X,Z) we would also like to be able to twist by classes in H1(X,Z2)
in a way that accounts for fibre orientation. In fact such twists of K-
theory have been around since the work of Donovan and Karoubi [17],
though only for torsion classes. More recently Freed, Hopkins and Tele-
man [20] consider precisely the type of twisted K-theory we require. For
any pair (ξ, h) ∈ H1(X,Z2) ×H
3(X,Z) there is a twisted K-theory group
K∗(E, (ξ, h)). More correctly twists of K-theory can be defined using a no-
tion of graded bundle gerbe which is a slight extension of the more familiar
ungraded bundle gerbes. We review this in Section 6.1.
For a T-dual pair (E, h), (Eˆ, hˆ) we construct maps
T : K∗(E, h)→ K∗−1(Eˆ, (ξ, hˆ))
Tξ : K
∗(E, (ξ, h)) → K∗−1(Eˆ, hˆ)
which are similarly defined as a kind of Fourier-Mukai transform. In Propo-
sition 6.1 we show that T, Tξ are isomorphisms, at least if the baseM admits
a finite good cover.
There is a twisted Chern character in twisted K-theory. If G is a graded
gerbe with connection and curving with curvature H then the twisted Chern
character has the form
ChG : K
∗(X,α)→ H∗(X, (ξ,H))
where ξ is theH1(X,Z2)-component of the class of G inH
1(X,Z2)×H
3(X,Z).
The twisted Chern chacter is often described only for ungraded bundle
gerbes however the extension to graded gerbes is quite trivial and we explain
this in Section 7.2. With suitable conventions in place the twisted Chern
character is preserved under T -duality in the sense that we can construct a
commutative diagram
K∗(E,G)
T //
Ch

K∗−1(Eˆ, πˆ∗γ ⊗ Gˆ)
Ch

H∗(E,H)
T // H∗−1(E, (ξ, Hˆ))
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here γ is a graded gerbe that can be associated to the class ξ. To show this
we extend the Riemann-Roch formula in twisted K-theory from the case of
twists classified by H3(X,Z) to twists classified by H1(X,Z2)×H
3(X,Z).
In Section 8 we explain the connection between T-dual circle bundles
and Courant algebroids. Let π : E → M be a circle bundle over M and
h ∈ H3(E,Z) a degree 3 cohomology class. Exact Courant algebroids on E
are classified by H3(E,R) so there is a unique exact Courant algebroid on E
classified by h. If E is given an affine structure then one can take invariant
sections which determines a corresponding Courant algebroid E(E, h) over
the base M . One can do the same thing for the T-dual pair (Eˆ, hˆ) to get
another Courant algebroid E(Eˆ, hˆ) on M . We show in Proposition 8.1 that
the Courant algebroids E(E, h), E(Eˆ, hˆ) are isomorphic. The existence of
such an isomorphism is a weaker statement than T-duality between (E, h)
and (Eˆ, hˆ) due to a loss of information about torsion classes in cohomology.
Nevertheless it is an important part of the T-duality story since geometric
structures on E(E, h) can be transported to corresponding geometric struc-
tures on E(Eˆ, hˆ). This ties in with the more geometric aspects of T-duality.
In section 9 we study some low dimensional examples of T-duality of
non-orientable circle bundles. In some cases we are able to calculate all
the relevant twisted K-theory groups and the results are consistent with
T-duality. In other case we are only able to calculate the twisted K-theory
group modulo an extension problem. In this case we can actually use T-
duality to determine the group by calculating the corresponding twisted
K-theory group of the T-dual.
2 Local coefficients
We provide a review of cohomology with local coefficients for the benefit
of the reader and to establish notation. References for local coefficients are
[24],[37].
Let X be a path-connected topological space admitting a universal cover
X˜. Let A be an abelian group and Aut(A) the group automorphisms of A.
Consider the following structures:
• Representations ρ : π1(X)→ Aut(A).
• Covering spaces Y → X with fibres isomorphic to A and a fibrewise
addition Y ×X Y → Y which restricted to the fibres corresponds to
addition in A.
• Sheaves of groups Γ on X such that each point x ∈ X has a neighbor-
hood U such that Γ restricted to U is the constant sheaf A.
7
Up to isomorphism all three of these structures are in bijection. In the
case of representations π1(X)→ Aut(A) two representations are isomorphic
if they are conjugate under Aut(A). From a representation ρ we form a
covering space Aρ = X˜ ×ρ A and a sheaf Γ(Aρ), the sheaf of sections of Aρ.
Given this correspondence we will refer to any one these three struc-
tures as a system of local coefficients and call the group A the coefficient
group of the local system. Sometimes we will refer to the representation
ρ : π1(X)→ Aut(A) as the monodromy of the local system.
We can consider homology and cohomology with local coefficients in a
number of ways. First we look at singular homology and cohomology. Start-
ing from the representation ρ we may form the chain complex with coeffi-
cients in Aρ, Cn(X,Aρ) = Cn(X˜,Z)⊗ρA. Here the tensor product⊗ρ means
a tensor product of right and left Z[π1(X)]-modules. The boundary oper-
ator ∂ for C∗(X˜,A) clearly descends to a boundary operator on C∗(X,Aρ)
and the homology H∗(X,Aρ) of this complex is by definition the homology
of X with local coefficients in XA. Similarly we can form the cochain com-
plex Cn(X,Aρ) = HomZ[pi1(X)](Cn(X˜,Z), A) and the coboundary operator
δ on C∗(X˜,A) descends to a coboundary operator on C∗(X,Aρ). We let
H∗(X,Aρ) denote the corresponding cohomology.
If we consider a system of local coefficients as a sheaf Γ(Aρ) then we can
take Cˇech cohomology groups H˘∗(X,Γ(Aρ)). We have:
Proposition 2.1. If X is triangulable then there is a canonical isomorphism
H˘∗(X,Γ(Aρ)) ≃ H
∗(X,Aρ).
In particular this applies to all smooth manifolds. Henceforth whenever
we consider cohomology with local coefficients of a space X we assume X is
triangulable and use H∗(X,Aρ) to denote either singular or Cˇech cohomol-
ogy.
Next we will consider de Rham cohomology twisted by local coefficients.
Let X be a smooth manifold and Aρ → X a local system with coefficients a
finitely generated abelian group A. Then AR = A⊗ZR is a finite dimensional
vector space and (Aρ)R = X˜×ρAR is a vector bundle with flat connection ∇.
The monodromy of ∇ is the image of ρ under Aut(A) → GL(AR). We can
form the de Rham complex twisted by ∇ which is the space Ω∗(X, (Aρ)R) =
C∞(∧∗T ∗X⊗(Aρ)R). There is a twisted exterior derivative d∇ characterized
by the property
d∇(ω ⊗ a) = dω ⊗ a+ (−1)
pω ∧∇a
where ω is a p-form and a is a section of (Aρ)R. We let H
∗
∇(X, (Aρ)R) denote
the cohomology of this complex.
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Proposition 2.2. Let X be a smooth manifold and Aρ a system of local
coefficients with monodromy ρ for a finitely generated abelian group A. There
is a canonical isomorphism
H∗∇(X, (Aρ)R) ≃ H
∗(X, (Aρ)R)
where (Aρ)R is the local system (Aρ)R = X˜ ×ρ AR.
Remark 2.1. Note that the set (Aρ)R can be viewed as either a vector bundle
or a covering space. The topologies are different.
Proof. Let Γ((Aρ)R) be the sheaf of sections of (Aρ)R with the covering space
topology. Then clearly Γ((Aρ)R) is also the sheaf of covariantly constant
sections of (Aρ)R viewed as a flat vector bundle. From here the proof follows
the usual Cˇech-de Rham isomorphism. We have an acyclic resolution
0 // Γ((Aρ)R)
i // Ω0(X, (Aρ)R)
d∇ // Ω1(X, (Aρ)R)
d∇ // . . .
Break the sequence up into short exact sequences, take the associated long
exact sequences and use the fact that each Ωk(X, (Aρ)R) is acyclic. We thus
obtain canonical isomorphisms H∗∇(X, (Aρ)R) ≃ H˘
∗(X,Γ((Aρ)R)).
Next we recall that Poincare´ duality has an extension to compact non-
oriented manifolds using local coefficients:
Proposition 2.3 (Poincare´ duality). Let X be a compact n-manifold. There
is a local system Zorn with coefficients in Z given by assigning to x ∈ X the
group Hn(X,X −{x},Z) ≃ Z. For any local system Aρ There are canonical
isomorphisms
H i(X,Aρ) ≃ Hn−i(X,Aρ ⊗ Zorn).
We would also like to point out the existence of a push-forward map
for cohomology with local coefficients. For our purposes we really just need
the following special case: let π : E → B be a fibre bundle with fibre F a
compact oriented manifold of dimension d. We get a local system ΓF where
ΓF is the sheaf associated to the presheaf U 7→ H
d(π−1(U),Z). Since F is
oriented we see that ΓF is a local system with coefficient group Z. If Aρ is
any other local system on B there is a push-forward map
π∗ : H
i(E, π∗(Aρ))→ H
i−d(B,Aρ ⊗ ΓF ).
One way to define the push-forward is through the Leray-Serre spectral
sequence for the fibration π : E → B [4] in which case it corresponds to the
composition
H i(E, π∗(Aρ))→ E
i−d,d
∞ → E
i−d,d
2 = H
i−d(B,Aρ ⊗ ΓF ).
In the case of de Rham cohomology twisted by a local system the push-
forward really is an integration over the fibres. The integration picks up a
sign ambiguity in choice of fibre orientation and this is accounted for by the
local system ΓF .
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3 Affine torus bundles
3.1 Classification
Let T n = Rn/Zn be the standard n-dimensional torus. The classification
of principal T n-bundles is straightforward and very well known. Since we
are interested in extending topological T-duality to the non-principal case
we would like a classification of arbitrary torus bundles. This is a difficult
question but there is an easier intermediate, namely affine torus bundles.
For n ≤ 3 it turns out that every torus bundle admits an affine structure,
so this gives a complete classification of T n-bundles for n ≤ 3.
Let Diff(T n) be the group of diffeomorphisms of T n. Given a subgroup
G of Diff(T n) we can consider torus bundles constructed out of transition
maps valued in G. Principal T n-bundles for example have transitions func-
tions valued in T n which acts on itself by translation. We will consider a
more general class of torus bundles, namely affine torus bundles, those built
out of transition functions valued in the group Aff(T n) = GL(n,Z) ⋉ T n
which acts on T n by affine transformations. It turns out that for n ≤ 3 the
inclusion Aff(T n)→ Diff(T n) is a homotopy equivalence, from which it fol-
lows that every T n-bundle with n ≤ 3 admits an affine structure. The case
n = 1 is straightforward, the case n = 2 was proved in [18] and n = 3 in [25].
In what follows we will come to a classification of affine torus bun-
dles. The result is that affine T n-bundles correspond to pairs (ρ, c) where
ρ : π1(M)→ GL(n,Z) is a homomorphism and c ∈ H
2(M,Λρ), where Λρ is
a local system determined by ρ. We identify pairs (ρ, c), (ρ′, c′) when they
are related by the action of GL(n,Z).
Let V = Rn denote an n-dimensional vector space and Λ ⊂ V a lattice
of rank n. Let Λ∗ = HomZ(Λ,Z) ⊂ V
∗ be the dual lattice. The cohomology
ring H∗(T n,Z) of the torus T n = V/Λ can be identified with the exterior
algebra ∧∗Λ∗ of the dual lattice, that is the subring of ∧∗V ∗ generated over
Z by Λ∗.
Let π : E →M be an affine T n-bundle. Thus E is associated to a princi-
pal Aff(T n)-bundle over M . Using the homomorphism Aff(T n)→ GL(n,Z)
we get a principal GL(n,Z)-bundle over M or equivalently a representation
ρ : π1(M)→ GL(n,Z) called the monodromy representation of E. The mon-
odromy representation has a more direct interpretation as we now explain.
Let M˜ → M be the corresponding principal GL(n,Z)-bundle determined
by ρ and let Λρ be the local system of groups Λρ = M˜ ×GL(n,Z) Λ. It is
not hard to see that the dual local system Λ∗ρ is the sheaf associated to the
presheaf which maps an open set U ⊆M to H1(π−1(U),Z). More generally
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we get a local system by taking fibre cohomology of any degree. Since E is
a torus bundle the sheaf associated to the presheaf U 7→ Hk(π−1(U),Z) can
be identified with ∧kΛ∗ρ.
As above we let M˜ be the principal GL(n,Z)-bundle corresponding to
ρ. Let E˜ be the pull-back of E to a torus bundle on M˜ . The local system
Λρ pulled back to M˜ becomes trivial. It follows that E˜ admits the struc-
ture of a principal T n-bundle compatible with the existing affine structure.
Moreover, since E˜ is a pull-back by the map π : M˜ → M is follows that
there is a right action of GL(n,Z) on E˜ by fibre bundle automorphisms.
The action of GL(n,Z) on E˜ mixes up the principal bundle action of T n on
E˜ according to the usual action of GL(n,Z) as group automorphisms of T n.
To put it more concretely E˜ →M is a principal GL(n,Z)⋉T n-bundle, that
is a principal Aff(T n)-bundle over M . Of course E is the associated fibre
bundle E = E˜ ×Aff(Tn) T
n.
Let E˜ →M be a principal Aff(T n)-bundle over M . We identify Aff(T n)
with GL(n,Z)× T n with group law
(g, t)(g′, t′) = (gg′, tg(t′)).
There is an open cover {Ui} of M such that E˜ admits trivializations Ui ×
Aff(T n) with transition maps hij : Uij → Aff(T
n) of the form
hij = gijtij = (gij , gij(tij))
where gij : Uij → GL(n,Z) are transition functions for the underlying prin-
cipal GL(n,Z)-bundle M˜ →M and tij are maps tij : Uij → T
n.
We identify the trivializations Ui×Aff(T
n) with Ui×GL(n,Z)×T
n by multi-
plication GL(n,Z)×T n → Aff(T n). Under this identification the transition
maps hij act as
hij(u, g, v) = (u, gij(u)g, tij(u, g)v) (1)
where tij(u, g) is defined to be g
−1tij(u). One checks that tij(u, g) : Uij ×
GL(n,Z) → T n are the transition maps defining E˜ as principal T n-bundle
over M˜ .
Conversely given a principal GL(n,Z)-bundle M˜ → M defined by tran-
sition functions gij : Uij → GL(n,Z) and functions tij : Uij×GL(n,Z)→ T
n
satisfying the conditions:
• tii = 1 on Ui
• tij(u, g)tji(u, gij(u)g) = 1 on Uij
• tij(u, g)tjk(u, gij(u)g) = tik(u, g) on Uijk and
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• tij(u, gh) = h
−1tij(u, g)
we construct a principal Aff(T n)-bundle E˜ →M with transition maps (1).
Assume now that the cover {Ui} is such that on double intersections we
can find lifts t˜ij : Uij ×GL(n,Z) → R
n of the maps tij : Uij ×GL(n,Z) →
T n. We may also assume the lifts t˜ij are equivariant in that t˜ij(u, gh) =
h−1t˜ij(u, g). The coboundary cijk = t˜ij + t˜jk + t˜ki is a map cijk : Uijk ×
GL(n,Z) → Λ which is likewise equivariant. Thus {cijk} determines an
element in H2(M,Λρ), degree 2 cohomology with local coefficients. It is not
hard to see that the cohomology class of {cijk} is independent of the choice
of cover and choice of local trivializations. Thus associated to any principal
Aff(T n)-bundle E˜ → M is a class c ∈ H2(M,Λρ) which we call the twisted
Chern class of E˜.
Proposition 3.1. For every representation ρ : π1(M)→ GL(n,Z) and class
c ∈ H2(M,Λρ) there is a principal Aff(T
n)-bundle over M with monodromy
ρ and twisted Chern class c.
Proof. Let p : M˜ → M be the principal GL(n,Z)-bundle corresponding to
ρ. If we take the exact sequence of sheaves on M˜
1→ Λ→ C(Rn)→ C(U(1)n)→ 1
and quotient by GL(n,Z) we get a corresponding exact sequence of local
systems on M of the form
1→ Λρ → C(R
n
ρ )→ C(U(1)
n
ρ )→ 1.
Now since C(Rnρ ) is a fine sheaf we have an isomorphism H
2(M,Λρ) =
H1(M, C(U(1)nρ )). Elements of H
1(M, C(U(1)nρ )) can be represented as fol-
lows. There is an open cover {Uij} of M such that p
−1(Ui) = Ui×GL(n,Z)
and a collection {tij} of functions tij : p
−1(Uij) = Uij ×GL(n,Z)→ U(1)
n.
The functions {tij} satisfy precisely the conditions required to construct
a principal Aff(T n)-bundle E˜. Moreover the corresponding element c ∈
H2(M,Λρ) is easily seen to be the twisted Chern class of E˜.
If E → M is an affine torus bundle then we have seen that there is a
principal GL(n,Z)-bundle p : M˜ → M such that E˜ = p∗(E) admits the
structure of a principal Aff(T n)-bundle and that E is the associated bundle
E = E˜×Aff(Tn)T
n. Associated to E˜ is a twisted Chern class c ∈ H2(M,Λρ).
However distinct principal Aff(T n)-bundles may give rise to the same T n-
bundle, so different classes in H2(M,Λρ) may be associated to the same T
n-
bundle. The following proposition determines precisely when this happens:
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Proposition 3.2. If M is connected then two affine torus bundles E →M ,
E′ → M with monodromy representations ρ, ρ′ and twisted Chern classes
c, c′ are isomorphic as T n-bundles if and only if the pairs (ρ, c) and (ρ′, c′)
are related by the action of an element of GL(n,Z).
Proof. Consider the case where E,E′ →M are in fact principal T n-bundles.
There exists an open cover {Ui} such that we have local trivializations
Ui × T
n for E,E′ with transition functions tij , t
′
ij : Uij → T
n. We can
assume the cover is such that tij, t
′
ij admit lifts t˜ij, t˜
′
ij : Uij → R
n. The
Chern classes of E,E′ are then represented by cijk = t˜ij + t˜jk + t˜ki and
c′ijk = t˜
′
ij + t˜
′
jk + t˜
′
ki.
Now suppose φ : E → E′ is a bundle isomorphism, but not necessarily
a principal bundle isomorphism. In local trivializations φ is given by maps
φi : Ui × T
n → Ui × T
n fitting in to commuative diagrams
Uij × T
n φj //
tij

Uij × T
n
t′ij

Uij × T
n φi // Uij × T
n
passing to homology we see that (φi)∗ = (φj)∗ : Λ→ Λ so in each trivializa-
tion (φi)∗ acts as some fixed g ∈ GL(n,R).
A homeomorphism T n → T n lifts to a homeomorphism Rn → Rn be-
cause Rn is the universal cover of T n. In particular we can lift the maps φi
to φ˜i : Ui × R
n → Ui × R
n. The commutations relations φitij = t
′
ijφj lift
up to a map Rn → Rn which is the identity on T n. Such a map must be
translation by an element of Λ. If we assume the Uij are simply connected
then we can find τij ∈ Λ such that
φ˜it˜ijτij = t˜
′
ijφ˜j
where we identify an element of Rn with the corresponding translation Rn →
R
n. Now observe that
φ˜icijkτijτjkτki = φ˜i t˜ijτij t˜jkτjk t˜kiτki
= t˜′ij φ˜j t˜jkτjk t˜kiτki
= t˜′ij t˜
′
jkφ˜k t˜kiτki
= t˜′ij t˜
′
jk t˜
′
kiφ˜i
= c′ijkφ˜i.
As elements of the Cˇech cochain complex we can write this as
cijk + (δτ)ijk = φ˜
−1
i (c
′
ijk)
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but note that since c′ijk is valued in Λ we have that φ˜
−1
i (c
′
ijk) = g
−1c′ijk. We
have thus shown that the Chern classes of E,E′ are related by an element
of GL(n,Z).
In the more general case of affine torus bundles a similar proof applies.
Classification of circle bundles: consider the special case of circle
bundles overM . Since every circle bundle π : E →M has an affine structure
they are determined by pairs (ξ, c) where ξ is a homomorphism ξ : π1(M)→
GL(1,Z) = Z2. Thus ξ is an element of H
1(M,Z2). The class ξ measures the
orientability of E →M so we call it the first Stiefel-Whitney class of E and
write ξ = w1(E). In the differentiable case w1(E) is the first Stiefel-Whitney
class of the vertical bundle Ker(π∗).
Let Zξ be the local system with Z-coefficients determined by ξ. So the
twisted Chern class of a circle bundle with monodromy ξ is an element of
H2(M,Zξ).
We conclude that circle bundles correspond to pairs (ξ, c) with ξ ∈
H1(M,Z2) and c ∈ H
2(M,Zξ) modulo the action of GL(1,Z) = Z2 where
−1 sends a pair (ξ, c) to (ξ,−c).
3.2 Leray-Serre spectral sequence
For T-duality we will need to know the differentials on the E2 stage of the
Leray-Serre spectral sequence for affine torus bundles. This section is dedi-
cated to a proof of their structure, as given in Proposition 3.3.
Let π : E →M be an affine T n-bundle over M . We assume throughout
that M is connected. We can associate to E a monodromy representation
ρ : π1(M) → GL(n,Z) and a twisted Chern class c ∈ H
2(M,Λρ). As we
have shown in Proposition 3.2 the pair (ρ, c) is only unique up to the action
of GL(n,Z).
Much information about the cohomology ring H∗(E,Z) can be obtained
by the Leray-Serre spectral sequence of the fibration π : E → M . Since we
do not assume the action of π1(M) on the cohomology of the fibres is trivial
we must use cohomology with local coefficients. The E2 page of the spectral
sequence is given by
Ep,q2 = H
p(M,∧qΛ∗ρ).
The ring structure on E2 is the natural multiplication
Hp(M,∧qΛ∗ρ)⊗H
p′(M,∧q
′
Λ∗ρ)→ H
p+p′(M,∧q+q
′
Λ∗ρ)
obtained from the wedge product on ∧∗Λ∗ρ.
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Recall that the fibration E →M induces a filtration on Hm(E)
0 = Fm+1,m ⊆ Fm,m ⊆ Fm−1,m ⊆ · · · ⊆ F 0,m = Hm(E)
such that the spectral sequence converges to the associated graded ring
Gr(H∗(E)) =
⊕
p,m
(
F p,m/F p+1,m
)
or more specifically,
Ep,q∞ = F
p,p+q/F p+1,p+q.
Of particular interest are the bottom row (q = 0) and top row (q = n)
of the spectral sequence for we have natural maps
Hp(M,Z) = Ep,02 → E
p,0
∞ = F
p,p → Hp(E,Z) (2)
and
Hn+p(E,Z)→ F p,n+p/F p+1,n+p = Ep,n∞ → E
p,n
2 = H
p(M,∧nΛ∗ρ). (3)
It is well known that the map (2) is the pull-back π∗ : Hp(M,Z) →
Hp(E,Z). As we have already argued the map (3) is the push-forward
π∗ : H
n+p(M,Z)→ Hp(M,∧nΛ∗ρ).
We will need a description of the differentials for the E2 stage of the
spectral sequence. Consider first the case of a principal T n-bundle. Here
the monodromy ρ is trivial and we thus have Ep,q2 = H
p(M,Z) ⊗ ∧qΛ∗. In
particular consider the differential d2 : H
0(M,Z) ⊗ Λ∗ → H2(M,Z). This
is an element of HomZ(Λ
∗,H2(M,Z)) = H2(M,Λ). It is not hard to see
that this is precisely the Chern class c ∈ H2(M,Λ). Now we can com-
pletely determine the differentials d2 : E
p,q
2 → E
p+2,q−1
2 using the derivation
property. Indeed d2 : H
p(M,Z) ⊗ ∧qΛ∗ → Hp+2(M,Z) ⊗ ∧q−1Λ∗ is given
d2(x) = c ` x where c ` x is obtained by using the product in cohomology
and the contraction Λ ⊗ ∧qΛ∗ → ∧q−1Λ∗. More precisely if a ∈ H2(M,Z),
b ∈ Λ, c ∈ Hp(M,Z), d ∈ ∧qΛ∗ then we define
(a⊗ b) ` (c⊗ d) = (−1)p(a ` b)⊗ (ibd)
where ibd denotes the contraction of d by b.
For affine T n-bundles with non-trivial monodromy ρ one might guess
that the differentials d2 : H
p(M,∧qΛ∗ρ) → H
p+2(M,∧q−1Λ∗ρ) are similarly
given by d2(x) = c ` x where c is the twisted Chern class F ∈ H
2(M,Λρ)
and c ` x is the combination of the product in cohomology with contraction.
In fact this is the case however the proof is more subtle since generally the
product H0(M,∧qΛ∗ρ)⊗H
p(M,Z)→ Hp(M,∧qΛ∗ρ) need not be surjective.
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Proposition 3.3. The differentials d2 : H
p(M,∧qΛ∗ρ)→ H
p+2(M,∧q−1Λ∗ρ)
for the Leray-Serre spectral sequence are given by the product with the twisted
Chern class followed by the contraction Λρ ⊗ ∧
qΛ∗ρ → ∧
q−1Λ∗ρ.
Proof. To prove this result we will step back and examine the construction of
the Leray-Serre spectral sequence. The approach that is the most convenient
for us uses a combination of Cˇech and singular cohomology [5].
Let U = {Ui}i∈J be a good cover of M , that is each Ui as well as the
multiple intersections Ui0i1...ip = Ui0 ∩Ui1 ∩· · · ∩Uip are all contractible. We
also assume J is a countable ordered set.
Let π : E →M be a fibre bundle overM and let π−1U = {π−1(Ui)}i∈J be
the the pull-back cover. We note that π−1(Ui0)∩π
−1(Ui1)∩· · ·∩π
−1(Uip) =
π−1(Ui0i1...ip). Consider the double complex K
∗,∗ given by
Kp,q = Cp(π−1U , Sq) =
∏
i0<i1<···<ip
Sq(π−1(Ui0i1...ip),Z)
where Sq denotes the singular cochain complex. There are two commuting
differentials δS , δC on K
∗,∗, namely the differential δS coming from the sin-
gular cochain complex and the differential δC coming from the Cˇech cochain
complex. If we let D′ = δC , D
′′ = (−1)pδS then D = D
′ + D′′ is a differ-
ential D : Ki → Ki+1 where Ki =
⊕
p+q=iK
p,q. In [5] it is shown that
the cohomology of (K∗,D) is the singular cohomology H∗(E,Z) of E. The
Leray-Serre spectral sequence can be derived as the spectral sequence asso-
ciated to this double complex.
Now let π : E → M be an affine T n-bundle over M with monodromy
representation ρ. Let p : M˜ → M be the principal GL(n,Z)-bundle corre-
sponding to ρ, so E˜ = p−1E admits the structure of a principal T n-bundle
over M˜ and is furthermore a principal Aff(T n)-bundle over M . We have a
commutative diagram of the form
E˜
p˜ //
p˜i

q
  @
@@
@@
@@
@ E
pi

M˜
p //M
There are local trivializations q−1(Ui) ≃ Ui×GL(n,Z)×T
n which under
the identification m : GL(n,Z) × T n → Aff(T n) given by multiplication
become trivializations of E˜ →M as a principal Aff(T n)-bundle.
Let tij : Uij × GL(n,Z) → T
n be transition functions for the T n-
bundle E˜ → M˜ . We can take tij to be equivariant in the sense that
tij(u, g) = g
−1tij(u, 1). Write tij(u) = tij(u, 1). The let gij : Uij → GL(n,Z)
be transition functions for M˜ → M . It follows that the Aff(T n)-bundle
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E˜ →M has transition functions hij(u) = gij(u)tij(u).
Since U is a good cover we can find lifts t˜ij : Uij → R
n of the tij which
extend to equivariant maps t˜ij : Uij × GL(n,Z) → R
n. Moreover we get
equivariant maps cijk : Uijk ×GL(n,Z) → Λ given by cijk = t˜ij + t˜jk + t˜ki.
It is clear that {cijk} represents the twisted Chern class for E →M .
We now have two fibre bundles π : E → M and π˜ : E˜ → M˜ and two
open covers U , p−1U of the bases M,M˜ so we get two associated double
complexes. We denote these by Kp,q(π), Kp,q(π˜) and the associated spec-
tral sequences Ep,qr (π), E
p,q
r (π˜). Note that the action of GL(n,Z) on M˜
lifts to an action on E˜ and this action restricts to an action on the sub-
sets q−1(Ui0i1...ip) lifting the action on p
−1(Ui0i1...ip). This induces an action
on the spaces Sq(q−1(Ui0i1...ip)) of singular cochains and thus an action on
Kp,q(π˜) commuting with the differentials. If Ui0i1...ip is non-empty then
p−1(Ui0i1...ip) is isomorphic to Ui0i1...ip × GL(n,Z) as a principal GL(n,Z)-
bundle. It follows that Kp,q(π) can be identified with the GL(n,Z)-invariant
subspace of Kp,q(π˜).
We need also to consider the E1-stage of the spectral sequences. It is
clear that Ep,q1 (π) = C
p(U ,∧qΛ∗ρ) and that E
p,q
1 (π˜) = C
p(p−1U ,∧qΛ∗). No-
tice that Ep,q1 (π) can be identified with the GL(n,Z)-invariant subspace of
Ep,q1 (π˜). Note however that by the E2-stage a similar identification need not
hold. It is for this reason that we need to go back to the earlier stages of
the spectral sequence.
Take an element a ∈ Ep,q2 (π). We need to determine d2(a). Represent a
by an element w ∈ Kp,q(π), which we can think of as an invariant element
of Kp,q(π˜). An element z ∈ Kp+2,q−1(π) is a representative for d2(a) if there
exists elements x ∈ Kp+1,q(π), y ∈ Kp+1,q−1(π) related as follows:
0
w
(−1)pδS
OO
δC // x
y
δC //
(−1)p−1δS
OO
z
Modulo the image of δS every representative of d2(a) has this form for some
w, x, y, z.
Consider first an element a ∈ E0,12 (π˜) which is not assumed to be
GL(n,Z)-invariant. Let w1 be a representative for a in E
0,1
1 (π˜). We have
that E0,11 (π˜) = C
0(p−1U ,Λ∗ρ) =
∏
iMap(GL(n,Z),Λ
∗). Thus w1 is given
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by a collection {αi} of maps αi : GL(n,Z) → Λ
∗. For reasons that will
become clear later we restrict to the case where the αi are constant maps
αi : GL(n,Z) → Λ
∗. Since w1 represents the element a ∈ E
0,1
2 (π˜) we have
d1(w1) = 0. This can only be possible if for all non-empty Uij we have
αi = αj . Thus there exists α ∈ Λ
∗ such that α = αi for all i.
We can represent w1 by w ∈ K
0,1(π˜) as follows: for each trivialization
we have a projection map pri : Ui × GL(n,Z) × T
n → T n. Since αi is a
constant it can be viewed as an element of Λ∗ = H1(T n,Z). Choose a lift
α˜ ∈ S1(T n,Z) of α, where S∗(T n,Z) is the singular cochain complex. We
then take w ∈ K0,1(π˜) =
∏
i S
1(Ui×GL(n,Z)×T
n,Z) to be w = {βi} where
βi = pr
∗
i (α˜). It is clear that w is a representative for w1 in K
0,1(π˜).
Now we attempt to determine d2(a) starting from the representative w.
Set x = δCw. Thus x = {rij} is the element of
∏
i<j S
1(Uij × GL(n,Z) ×
T n,Z) given by
rij = h
∗
ij(βj |Uij×GL(n,Z)×Tn)− βi|Uij×GL(n,Z)×Tn (4)
We are identifying q−1(Uij) with Uij ×GL(n,Z)×T
n through the inclusion
Uij → Ui and hij : Uij × GL(n,Z) × T
n → Uij × GL(n,Z) × T
n are the
transition functions for E˜ →M . Recall that these have the form
hij(u, g, v) = (u, gij(u)g, tij(u, g)v).
In addition if we let prij be the projection Uij ×GL(n,Z)× T
n → T n then
(4) can be rewritten as
rij = h
∗
ijβij − βij
where βij = pr
∗
ijα˜.
Next we want to find functions sij : Uij ×GL(n,Z)× T
n → Z such that
rij = h
∗
ij(βij) − βij = δS(sij). The function tij acts on T
n by translation:
tijv = v + tij for v ∈ T
n. For t ∈ I = [0, 1] let tt˜ij be the translation
tt˜ij(v) = v+tt˜ij (modΛ). This gives a homotopy between tij and the identity
and one sees easily that h∗ij(βij)− βij = δS(sij) where sij is defined by
sij(u, g, v) = α˜(γ
u,g,v
ij (t))
and where γu,g,vij (t) is the path γ
u,g,v
ij (t) : I → T
n given by t 7→ v+ tt˜ij(u, g).
We let y = {sij} ∈ K
1,0(π˜) and set z = δCy = {uijk}. To write uijk in
local coordinates we use inclusions Uijk → Uij → Ui so that
uijk(u, g, v) = sij(u, g, v) + sjk(u, gij(u)g, (tij(u, g))v)
+ski(u, gik(u)g, (tik(u, g))v).
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It follows that
uijk(u, g, v) = α˜(µ
u,g,v
ijk (t))
where µu,g,vijk (t) is the path µ
u,g,v
ijk (t) : I → Uijk × T
n given by t 7→ v +
tcijk(u, g)). Now since cijk is integral this path closes and we can think of
α˜(µu,g,vijk (t)) as the pairing of α ∈ Λ
∗ = H1(T n,Z) with the twisted Chern
class c = {cijk} ∈ H
2(M,Λρ).
Now let f ∈ Ep,q2 (π). Let f1 ∈ K
p,q(π˜) be an invariant representative for
f . We can write f1 as follows:
f1 =
∑
|I|=q
fIe
I .
This expression requires some explanation. The sum is over ordered subsets
of {1, 2, . . . , n} of size q. If I = (i1, i2, . . . , iq) then e
I = ei1 ∧ ei2 ∧ . . . eiq
where {ei} is a basis for Λ∗. We view elements of Λ∗ as elements of
E0,11 (π˜) = C
0(p−1U ,Λ∗ρ) =
∏
iMap(GL(n,Z),Λ
∗) corresponding to constant
maps GL(n,Z)→ Λ∗. The fI are elements of E
p,0
1 (π˜) = C
p(p−1U ,Z).
For g ∈ GL(n,Z) we may write gei = gije
j for some integer coefficients gij
defining g. The action of g on ∧qΛ∗ can similarly be written geI = gIJe
J for
some coefficients gIJ depending on the g
i
j . Let Rg denote the right action of
g ∈ GL(n,Z) on M˜ and R˜g the right action of g on E˜. Then by construction
we have
R˜∗ge
I = gIJe
I
and invariance of f1 under GL(n,Z) translates to
(R∗gfI)g
I
J = fJ . (5)
We can represent f1 in K
p,q(π˜) as
f1 =
∑
|I|=q
fI e˜
I
where for I = (ii, i2, . . . , iq) we have e˜
I = e˜i1 ∧ e˜i2 ∧ · · ·∧ e˜iq and e˜i is a lift of
ei corresponding to a lift of Λ∗ = H1(T n,Z) to singular cochains S1(T n,Z).
Using the fact that d1(f1) = 0, where d1 is the differential d1 : K
p,q(π˜)→
Kp+1,q(π˜) one finds that δCfI = 0. For the e˜
i we have elements xi, yi, zi
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related by
0
e˜i
−δS
OO
δC // xi
yi
δC //
δS
OO
zi
From our earlier results it follows that
R˜∗g e˜
i = gij e˜
j
R˜∗gx
i = gijx
j
R˜∗gy
i = gijy
j
R˜∗gz
i = gijz
j
and za = {saijk} where s
a
ijk(u, g, v) = e
a(µu,g,vijk ) with µ
u,g,v
ijk a path joining v
to v + cijk(u, g). For I = (i1, i2, . . . , iq) define x
I by
xI =
q∑
j=1
(−1)j−1e˜i1 ∧ e˜i2 ∧ · · · ∧ xij ∧ · · · ∧ e˜iq
and similarly define yI , zI . Then e˜I , xI , yI , zI are related as follows:
0
e˜I
−δS
OO
δC // xI
yI
δC //
δS
OO
zI
and it follows that we have corresponding relations
0
fI e˜
I
(−1)pδS
OO
δC // fIx
I
fIy
I
δC //
(−1)p−1δS
OO
fIz
I
By construction the terms in this diagram are invariant so d2(f) is repre-
sented in Ep+2,q−1(π˜) by fIz
I which can be identified with c ` f where c
acts by a combination of cup product and contraction.
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A slight generalization of this result is to consider the Leray-Serre spec-
tral sequence for an affine torus bundle E → M twisted by local coeffi-
cients. If L is a system of local coefficients on M with coeficient group a
free Z-module then the E2-term for the spectral sequence has form E
p,q
2 =
Hp(M,L ⊗ ∧qΛ∗ρ). The differential d2 : E
p,q
2 → E
p+2,q−1
2 is again given by
the product with the twisted Chern class followed by a contraction. The
above proof carries over to this case with one small modification. The ele-
ments fI instead of being valued in C
p(p−1U ,Z) are taken to have values in
Cp(p−1U , L) and the transformation law (5) is modified accordingly.
Gysin sequence with local coefficients: consider the special case
where n = 1, that E → M is a circle bundle. In this case the spectral
sequence only has two rows so by a standard argument we obtain a long
exact sequence:
. . . // H i(M,Z)
pi∗ // H i(E,Z)
pi∗ // H i−1(M,Λ∗ρ)
c` // H i+1(M,Z) // . . .
This is the Gysin sequence for non-oriented circle bundles. There is a similar
sequence for sphere bundles [29] but we only need the circle bundle case.
4 Topological T-duality of circle bundles
We are now ready to describe a version of topological T-duality which ap-
plies to pairs (E,H) where π : E → M is a circle bundle over M and
H ∈ H3(E,Z) is an integral degree 3 cohomology class on E. There
is a straightforward notion of isomorphism of such pairs namely (E,H)
and (E′,H ′) are said to be isomorphic if there is a bundle isomorphism
φ : E → E′ covering the identity such that H = φ∗(H ′).
Definition 4.1. Two pairs (E,H), (Eˆ, Hˆ) consisting of circle bundles π :
E →M , πˆ : Eˆ →M and fluxes H ∈ H3(F,Z), Hˆ ∈ H3(Fˆ ,Z) are said to be
T-dual if
• The first Stiefel-Whitney classes agree: ξ = w1(E) = w1(Eˆ)
• The twisted Chern classes and fluxes are related by π∗(H) = Fˆ =
c1(Eˆ), πˆ∗(Hˆ) = F = c1(E)
• Let p, pˆ be the projections p : E ×M Eˆ → E and pˆ : E ×M Eˆ → Eˆ.
Then p∗(H) = pˆ∗(Hˆ).
Denote by F the fibre product F = E ×M Eˆ. We call F the correspon-
dence space. It is helpful to visualize the relation between the spaces as
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follows
F
p
~~ ~
~~
~~
~~ pˆ
  @
@@
@@
@@
@
q

E
pi
  @
@@
@@
@@
@ Eˆ
pˆi~~ ~
~~
~~
~~
M
Where we denote by q the projection q = pπ = pˆπˆ : F → M . In this
diagram there are 5 different torus bundles corresponding to π, πˆ, p, pˆ and q.
We will need to refer to the associated Leray-Serre spectral sequences. To
avoid confusion we label the different spectral sequences by the associated
map. Thus for example the spectral sequence associated to π : E →M will
be denoted Ep,qr (π) and similarly for the other maps.
Proposition 4.1. For any circle bundle π : E →M with flux H ∈ H3(E,Z)
there exists a T-dual (Eˆ, Hˆ) which is unique up to isomorphism. Further-
more the T-duality relation is symmetric so the T-dual of (Eˆ, Hˆ) is (E,H).
Proof. Let ξ = w1(E) and F = c1(E). Define Fˆ = π∗(H) ∈ H
2(M,Zξ).
Then Fˆ is the twisted Chern class for a circle bundle pˆ : Eˆ → M unique
up to isomorphism and by construction we have w1(Eˆ) = ξ = w1(E). From
the Gysin sequence for E we have Fˆ ` F = 0. Feeding this into the
Gysin sequence for Eˆ we find that there exists H ′ ∈ H3(Eˆ,Z) such that
πˆ∗(H
′) = F . We would like to say that (Eˆ,H ′) is the T-dual of (E,H)
but there are two problems. First H ′ is not uniquely determined by the
condition πˆ∗(H
′) = F , second we need not have p∗(H) = pˆ∗(H ′).
Lemma 4.1. There exists a ∈ H3(M,Z) such that p∗(H)− pˆ∗(H ′) = q∗(a).
We will prove Lemma 4.1 below. Given this result we define Hˆ = H ′+a.
Then we have that (E,H) and (Eˆ, Hˆ) are T-dual. For uniqueness suppose
(Eˆ, Hˆ + µ) is also T-dual to (E,H). In this case we must have πˆ∗µ = 0 and
pˆ∗µ = 0.
Lemma 4.2. Let µ ∈ H3(Eˆ,Z) be such that πˆ∗µ = 0 and pˆ
∗µ = 0. Then
there exists α ∈ H1(M,Zξ) such that µ = πˆ
∗(α ` F ).
From this Lemma it follows that Hˆ + µ = Hˆ + πˆ∗(α ` F ). Uniqueness
up to bundle isomorphism will follow from:
Lemma 4.3. Let π : E →M be a circle bundle with fibre orientation class
ξ ∈ H1(M,Z2). For any α ∈ H
1(M,Zξ) there exists a bundle isomorphism
φ : E → E such that for any x ∈ Hk(E,Z) we have
φ∗x = x+ π∗(α ` π∗x).
22
Thus we can find a bundle isomorphism φ : Eˆ → Eˆ corresponding to
α ∈ H1(M,Z2) such that
φ∗Hˆ = Hˆ + πˆ∗(α ` πˆ∗Hˆ) = Hˆ + πˆ
∗(α ` F ).
This establishes existence and uniqueness.
Proof of Lemma 4.1. Recall that associated to the fibration F → M is a
filtration on the cohomology of F . In the case at hand we have
p∗π∗(H3(M,Z)) = F 3,3 ⊆ F 2,3 ⊆ F 1,3 = H3(F,Z)
and F p,3/F p+1,3 is isomorphic to Ep,3−p∞ (q) in the Leray-Serre spectral se-
quence. We must show that the class d = p∗(H) − pˆ∗(Hˆ) ∈ H3(F,Z) lies
in the subspace F 3,3. Note that we have q∗d = 0, which is precisely the
condition that d lies in the subspace F 2,3. Let d′ be the image of d in
F 2,3/F 3,3 = E2,1∞ (q). It remains to show that d′ = 0. Associated to the
morphism of bundles
F
p //
q

E
pi

M M
is a morphism of spectral sequences Ep,q2 (π) → E
p,q
r (q). The image of H in
E2,12 (π) = H
2(M,Zξ) is given by π∗H = Fˆ . A similar statement holds for
Hˆ. Therefore we find that d′ ∈ E2,1∞ (q) is represented by d′′ = (Fˆ ,−F ) ∈
E2,12 (q) = H
2(M,Zξ) ⊕ H
2(M,Zξ). Clearly d
′′ lies in the image of d2 :
H0(M,Z) = E0,22 (q)→ E
2,1
2 (q). Therefore d
′ = 0 and the result follows.
Proof of Lemma 4.2. From the Gysin sequence for Eˆ → M we have that
µ = πˆ∗ν for some ν ∈ H3(M,Z). Then ν ∈ H3(M,Z) = E3,02 (πˆ) represents
µ in the Leray-Serre spectral sequence for Eˆ → M . Now consider the
morphism of fibre bundles
F
pˆ //
q

Eˆ
pˆi

M M
This induces a morphism of spectral sequences Ep,qr (πˆ) → E
p,q
r (q). The
element ν ∈ E3,02 (πˆ) representing µ gets mapped to ν ∈ E
3,0
2 (q) = H
3(M,Z)
representing pˆ∗µ. Now the condition pˆ∗µ = 0 tells us that ν lies in the image
of the differentials d2, d3. Consider now a second morphism of fibre bundles
F
pˆ

F
q

Eˆ
pˆi //M
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inducing a morphism Ep,qr (q) → E
p,q
r (pˆ). Under this morphism ν ∈ E
3,0
2 (q)
representing pˆ∗µ = 0 gets sent to πˆ∗ν = µ ∈ E3,02 (pˆ). Under the morphism
Ep,qr (q) → E
p,q
r (pˆ) the differential d3 gets sent to zero and it follows that
µ = d2(πˆ
∗α) for some α ∈ E1,12 (q) = H
1(M,Zξ). But this is exactly the
condition µ = πˆ∗α ` πˆ∗F = πˆ∗(α ` F ).
Proof of Lemma 4.3. We follow the proof of [10, Theorem 2.16] and adapt
it to general circle bundles. The class ξ ∈ H1(M,Z2) determines a double
cover M2 → M . Let π2 : E2 → M2 denote the pull-back of E over M2.
Then as we have seen E2 admits the structure of a principal circle bundle
and there is an involution σ : E2 → E2 which covers the involution on M2
and makes E2 into a principal O(2)-bundle over M .
Consider now the following commutative diagram:
E2 ×U(1)
m //
pr

E2
pi2

E2
pi2 //M2
where pr is the projection to the first factor and m is the principal bundle
right multiplication. The involution σ acts on all spaces in this diagram,
where we let σ act on E2×U(1) by σ(e, g) = (σe, g
−1) for e ∈ E2, g ∈ U(1).
Let E˜ = (E2 ×U(1)) /σ. The diagram then descends to the following:
E˜
m //
pr

E
pi

E
pi //M
Note that since E2×U(1) is a trivial principal bundle we have that pr : E˜ →
E has trivial twisted Chern class. Indeed E˜ admits a section s : E → E˜
given by s(e) = (e′, 1) where e′ ∈ E2 is any lift of e ∈ E and 1 ∈ U(1) is the
identity. It follows that the Gysin sequence for E˜ → E splits giving
Hk(E˜,Z) = Hk(E,Z)⊕Hk−1(E,Zξ). (6)
The isomorphism (6) is given by sending a ∈ Hk(E˜,Z) to (s∗a, pr∗a).
Now for x ∈ Hk(E,Z) we would like to determine m∗x ∈ Hk(E˜,Z). We
use the diagram (which is commutative except for s∗)
Hk(M,Z)
pi∗ //
pi∗

Hk(E,Z)
pi∗ //
m∗

Hk−1(M,Zξ)
pi∗

Hk(E,Z)
pr∗ //
Hk(E˜,Z)
s∗
oo
pr∗ // Hk−1(E,Zξ)
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to see that pr∗m
∗x = π∗π∗x. One easily checks that ms = id : E → E so
that s∗m∗x = x. Thus m∗x corresponds to (x, π∗π∗x) under (6).
Now consider an equivariant gauge transform, that is a map g : M2 →
U(1) such that g(σp) = g(p)−1, for p ∈M2. The map g determines a princi-
pal bundle automorphism of E2 which can be described as the composition
E2
(id,pi2)// E2 ×M2
(id,g) // E2 ×U(1)
m // E2
and this descends to a bundle automorphism φ : E → E given by
E
(id,pi) // (E2 ×M2) /σ // E˜
m // E
For a class x ∈ Hk(E,Z) we would like to determine φ∗x. To do this we
work out what happens for each of the three steps defining φ. We have
already described m∗x so the next step is to understand pull-back under
(E2 ×M2) /σ → E˜. For this we work with Z2-equivariant cohomology in
the sense of Eilenberg [19] and the corresponding map (id, g) : E2 ×M2 →
E2 × U(1). Now g defines an element of H
0
σ(M2, C
∞(U(1))), where the
subscript denotes σ-equivariance. But this is isomorphic to H1(M,Zξ). For
any α ∈ H1(M,Zξ) choose a corresponding equivariant map g :M2 → U(1)
representing the class α. Let Zσ denote the Z2 = 〈σ〉-module which as an
abelian group is Z but where σ acts by −1. Then there is a canonical class
[dt] ∈ H1σ(U(1),Zσ). A pair (a, b) ∈ H
k(E,Z) ⊕ Hk−1(E,Zξ) representing
an element of Hk(E˜,Z) corresponds under Hk(E˜,Z) ≃ Hkσ(E2×U(1),Z) to
a+ [dt] ` b
where we think of a as an element of Hkσ(E2 ×U(1),Z) and b an element of
Hk−1σ (E2 ×U(1),Zσ).
Under pull-back by the map (id, g) : E2×M2 → E2×U(1) this becomes
a+ α ` b where we think of α as an element of H1σ(M2,Zσ). Putting it all
together we thus get
φ∗(x) = x+ π∗(α) ` π∗π∗x = x+ π
∗(α ` π∗x)
as required.
5 Differential form approach to T-duality
We will now present an alternative approach to T-duality via differential
forms. This approach has the advantage that the construction of the T -dual
is more transparent but has the drawback that we work with real cohomol-
ogy so all torsion information is lost. On the other hand the differential
form approach will lead directly to an isomorphism between twisted coho-
mology on T -dual spaces and is relevant when we consider the twisted Chern
character and Courant algebroids.
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5.1 Twisted connections
Let π : E → M be a circle bundle over M , where M and E are now as-
sumed to be smooth manifolds. If E is a principal bundle we can choose a
connection on E to relate invariant forms on E with forms onM . We would
like to employ similar techniques in the general case of circle bundles.
We have seen that every circle bundle has the form E = E˜ ×O(2) S
1
for some principal O(2)-bundle. We can then view E as a sort of twisted
principal circle bundle. By this we mean that locally E admits the structure
of a principal U(1)-bundle but that the local actions are related on overlaps
by an element of Z2 = Aut(S
1). This local action depends on the identi-
fication of E as the circle bundle associated to a principal O(2)-bundle so
is not canonical, however any two local actions are related by a fibre bun-
dle automorphism of E so that any two local actions are essentially the same.
Given a local action on E the vertical bundle Ker(π∗ : TE → TM) can
be viewed as a flat line bundle corresponding to an element ξ ∈ H1(M,Z2) =
Hom(π1(M),Z2). More precisely there is a flat line bundle V on M such
that π∗(V ) can be identified with the vertical bundle.
We can find an open cover {Ui} of M and vertical vector fields Xi ∈
Γ(Ui, V ) which generate the local action. On the overlaps we have Xi =
ξijXj where ξij are valued in Z2 and is a representative for ξ = w1(V ) in
Cˇech cohomology. Put another way there is a double cover M2 → M such
that sections of M2 →M correspond precisely to vector fields which restrict
to ±Xi over Ui. Let V denote this sheaf.
Definition 5.1. A differential form ω ∈ Ω∗(E) is invariant if for every open
subset U ⊆M and section X ∈ V(U) we have LXω|U = 0.
Alternatively the double cover p : E˜ → E is a principal O(2)-bundle
and a form ω ∈ Ω∗(E) is invariant if p∗ω is invariant in the usual sense.
Note that if W is a flat vector bundle on M then it makes sense to speak
of invariant differential forms on E with values in π∗(W ). There is also
a notion of an invariant vector field which is defined similarly to invariant
differential forms.
Next consider extending the notion of a connection to such bundles.
Definition 5.2. A twisted connection on E is an invariant formA ∈ Ω1(E, π∗(V ))
such that restricted to the vertical bundle A is the identity π∗(V )→ π∗(V ).
A twisted connection can be viewed as a choice of invariant horizontal
complement to the vertical bundle of E or simply as an ordinary connection
for E˜. We thus have:
Proposition 5.1. Twisted connections always exist and form an affine space
modeled on Ω1(M,V ).
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Definition 5.3. Given a twisted connection A ∈ Ω1(E, π∗(V )) there exists
a unique form F ∈ Ω2(M,V ) such that
d∇A = π
∗(F )
where ∇ is the flat connection on V . We call F the curvature of A. Clearly
we have d∇F = 0 and thus the curvature determines a cohomology class
with local coefficients [F ] ∈ H2(M,V ). It is not hard to see that [F ] is
the image of the twisted Chern class c1 ∈ H
2(M,Λ) under the coefficient
homomorphism Λξ → Λξ ⊗Z R = V .
5.2 Invariant cohomology
Let π : E →M be a circle bundle an equip E with the structure of a locally
principal S1-bundle. We then have a notion of invariant forms Ω∗inv(E) ⊆
Ω∗(E) and it is clear that the subspace of invariant forms is preserved by
the exterior derivative. Therefore we may consider the cohomology of d
restricted to invariant forms which we denote by H∗inv(E). The inclusion
i : Ω∗inv(E)→ Ω
∗(E) induces a morphism i∗ : H
∗
inv(E)→ H
∗(E).
Proposition 5.2. The morphism i∗ : H
∗
inv(E)→ H
∗(E) is an isomorphism.
Proof. Let ξ ∈ H1(M,Z2) represent the monodromy of the vertical bundle.
There is a corresponding principal Z2-bundle m :M2 →M over M with the
property that E2 = m
∗(E) is a principal Z2 ⋉U(1) = O(2)-bundle over M .
It is clear that invariant forms on E correspond precisely to O(2)-invariant
forms on E2. ThusH
∗
inv(E) is the cohomology of the complex
(
Ω∗(E2)
O(2), d
)
of O(2)-invariant differential forms on E2 with respect to the exterior deriva-
tive. Next we argue this is the same as the Z2-invariant subspace of H
∗(E2).
In fact, since O(2) is compact we can average over O(2) giving a projection
operator P : Ω∗(E2) → Ω
∗(E2) which commutes with d. It follows that
the cohomology of the complex
(
Ω∗(E2)
O(2), d
)
is precisely the subspace of
H∗(E2) fixed by O(2). However the action of O(2) must preserve the image
of the integral cohomology H∗(E2) and so the identity component SO(2) of
O(2) acts trivially, so the action factors through to the action of Z2.
So far we have shown that H∗inv(E) is isomorphic the H
∗(E2)
Z2 , the
subspace of H∗(E2) invariant under the Z2-action. However since Z2 is finite
we can average over the fibres of E2 → E and this gives an isomorphism
H∗(E2)
Z2 = H∗(E).
Let H ∈ Ω3(E) represent a class in H3(E). The H-twisted cohomology
is the cohomology of the complex (Ω∗(E), dH ) where the twisted differen-
tial dH is defined as dHω = dω + H ∧ ω. Note that there is a Z2-grading
given by even and odd forms. Let H∗(E,H) denote H-twisted cohomology.
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Twisted cohomology depends up to isomorphism only on the cohomology
class of H and thus we may take a representative form H which is invari-
ant. Upon making such a choice the twisted differential dH preserves the
subspace of invariant forms and thus we can take cohomology of the com-
plex (Ω∗inv(E), dH ). Let H
∗
inv(E,H) denote the cohomology of this complex.
There is an evident map i∗ : H
∗
inv(E,H)→ H
∗(E,H).
Proposition 5.3. The map i∗ : H
∗
inv(E,H) → H
∗(E,H) is an isomor-
phism.
Proof. We would like to repeat the proof of Proposition 5.2, however there is
an additional technical detail to address. Let M2 →M and m : E2 → E be
the double covers as in 5.2. We similarly find that H∗inv(E,H) is isomorphic
to the O(2)-invariant subspace of H∗(E2,m
∗H). What is not so obvious is
that the O(2)-action once again factors through to a Z2-action. To see this
note that the twisted differential dm∗H on Ω
∗(E2) preserves the filtration
Ω∗≥ j(E2) of forms of degree greater than or equal to some integer. There
is an associated spectral sequence which computes the twisted cohomology.
The E1 page in this sequence is just the ordinary cohomology H
∗(E2).
The O(2)-action on forms preserves the filtration and thus induces an
action on each page the spectral sequence. However we can see that the
SO(2)-subgroup must act trivially on the E1 page since it preserves the
lattice of integral cohomology classes.
The filtration on forms induces a filtration on the twisted cohomology
H∗(E2,m
∗H) and the spectral sequence converges to the associated graded
space. The Lie algebra of O(2) acts trivially on the associated graded space,
so it must act on H∗(E2,m
∗H) by nilpotent elements. But since this Lie
algebra action must integrate to an action of SO(2), we are looking for a
nilpotent map N : H∗(E2,m
∗H)→ H∗(E2,m
∗H) such that e2piN = 1. This
can only happen if N = 0.
We have thus shown that H∗inv(E,H) is isomorphic to the Z2-invariant
subspace of H∗(E2,m
∗H), but by a similar argument to 5.2 this is precisely
H∗(E,H).
5.3 T-duality
Let π : E → M be a circle bundle as before and now introduce a class
H ∈ H3(E,Z). Suppose that H is represented by a differential form in
Ω3(E) which we also denote by H. By Proposition 5.2 we also assume
the representative is invariant. Next let A ∈ Ω1(E, π∗(V )) be a twisted
connection with curvature F ∈ Ω2(F, V ). We may now decompose H as
follows:
H = π∗(H3) +A ∧ π
∗Fˆ (7)
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whereH3 ∈ Ω
3(M) and Fˆ ∈ Ω2(M,V ∗). The wedge product in (7) combines
the wedge product of forms with the pairing of local systems V ⊗ V =
V ⊗ V ∗ → R. That H is closed is equivalent to the pair of equations
dH3 + F ∧ Fˆ = 0
d∇Fˆ = 0.
Notice that the second equation implies that Fˆ determines a cohomology
class [Fˆ ] ∈ H2(M,V ∗) and the first equation implies [F ] ` [Fˆ ] = 0. Indeed
it is clear that [Fˆ ] is the image in H2(M,V ∗) of the class cˆ = π∗(H) ∈
H2(M,Λ∗) under change of coefficients Λ∗ → Λ∗ ⊗Z R = V
∗. As we have
seen the class cˆ determines a circle bundle πˆ : Eˆ → M . It follows that
there exists a twisted connection Aˆ ∈ Ω1(Eˆ, πˆ∗(V ∗)) on Eˆ such that Fˆ is
the curvature of Aˆ. Now we define Hˆ ∈ Ω3(Eˆ) by
Hˆ = πˆ∗(H3) + Aˆ ∧ πˆ
∗F. (8)
By construction we find that dHˆ = 0 and thus Hˆ represents a class [Hˆ] ∈
H3(Eˆ). Observe also that [πˆ∗Hˆ] = [F ] and that
p∗H − pˆ∗Hˆ = d(pˆ∗Aˆ ∧ p∗A)
so that p∗[H]− pˆ∗[Hˆ ] = 0 ∈ H3(E ×M Eˆ).
The construction of the pair (Eˆ, Hˆ) relied on a number of choices, namely
a choice of invariant representative for [H] and choice of twisted connections
A, Aˆ. If one goes through the above construction allowing for all different
possible choices we find that Hˆ changes at most by a term of the form
π∗(e ∧ F ) where e is a d∇-closed element of Ω
1(M,V ∗). Since the class of e
in H1(M,V ∗) need not be integral, there is more ambiguity in defining Hˆ
than arises from bundle isomorphisms as determined by Lemma 4.3. There-
fore this construction does not fix the isomorphism class of Hˆ completely.
However we have the following:
Proposition 5.4. For any choice of representatives H,A, Aˆ one can make a
change Aˆ 7→ Aˆ+ πˆ∗e for some d∇-closed element e ∈ Ω
1(M,V ∗) so that the
class of Hˆ lies in the image H3(Eˆ,Z)→ H3(Eˆ,R) of integral cohomology in
real cohomology. With this additional condition the pair (Eˆ, [Hˆ]) is unique
up to bundle isomorphism. Moreover for each h ∈ H3(E,Z) such that [H]
is the image of h in real cohomology there exists hˆ ∈ H3(Eˆ,Z) such that [Hˆ]
is the image of hˆ in real cohomology and the pairs (E, h),(Eˆ, hˆ) are T -dual.
Proof. Let h ∈ H3(E,Z) be a class such that the image hR of h in real
cohomology equals [H]. Let hˆ ∈ H3(Eˆ,Z) be such that (Eˆ, hˆ) is T-dual
to (E, h). Let a = hˆR − [Hˆ] ∈ H
3(Eˆ,R). By construction pˆ∗a = 0 and
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πˆ∗a = 0, so by Lemma 4.2 there exists a class [e] ∈ H
1(M,R) represented
by a d∇-closed form e ∈ Ω
1(M,V ∗) such that a = πˆ∗([e] ` F ).
Now replace the twisted connection Aˆ by Aˆ+ πˆ∗e. We still have d∇Aˆ =
πˆ∗F and we find that Hˆ changes to Hˆ + πˆ∗(e ∧ F ). The result now follows
because [Hˆ + πˆ∗(e ∧ F )] = [Hˆ] + a = hˆR.
5.4 T-duality of twisted cohomology
In the case of principal circle bundles it is one of the main properties of
T-duality that the twisted cohomologies H∗(E,H) and H∗−1(Eˆ, Hˆ) are iso-
morphic. In the case of general circle bundles a similar result applies but
needs to be modified to take into account the local system of fibre orienta-
tions. Recall that one proves the isomorphism of twisted cohomologies by
means of the Hori formula [7]
φ(ω) = pˆ∗(e
−(p∗A∧pˆ∗Aˆ) p∗ω) (9)
where φ is a map φ : Ω∗(E) → Ω∗(Eˆ) that induces an isomorphism on
twisted cohomology. In the case of non-oriented circle bundles this formula
can still be applied, however the fibre integration pˆ∗ picks up the sign factor
ambiguity due to fibre orientation. To formalize this we introduce a variant
of de Rham cohomology twisted by closed 3-forms and flat bundles. This
twisted cohomology will be the target of the twisted Chern character for
twisted K-theory.
Let X be a smooth manifold. Given a closed 3-form H ∈ Ω3(X) and a
flat vector bundle (V,∇) we may define the (∇,H)-twisted de Rham com-
plex. The space of the complex is Ω∗(X,V ) = C∞(∧∗T ∗X ⊗ V ), the space
of form-valued sections of V and the differential d(∇,H) is characterized by
the property
d(∇,H)(ω ⊗ v) = dω ⊗ v +H ∧ ω ⊗ v + (−1)
pω ∧ ∇v
where ω is a p-form and v a section of V . Note that d2(∇,H) = 0 so we have
a complex. The cohomology of the complex is the (∇,H)-twisted coho-
mology denoted H∗(X, (∇,H)) or H∗(X, (V,H)) when the connection ∇ is
understood. Note that the twisted cohomology is only Z2-graded where the
grading comes from form parity. Up to isomorphism the twisted cohomology
depends only on the cohomology class H ∈ H3(X,R) and the monodromy
representation corresponding to ∇. If ρ : π1(X)→ GL(n,R) is a representa-
tion of the fundamental group of X then we also use notation H∗(X, (ρ,H))
for the (∇,H)-twisted cohomology where ∇ is the flat connection associated
to ρ.
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Now returning to T-duality suppose we have T-dual pairs (E,H) and
(Eˆ, Hˆ) where H and Hˆ are representative 3-forms and A, Aˆ are twisted
connections related to H, Hˆ as in (7),(8) and recall
p∗H − pˆ∗Hˆ = d(pˆ∗Aˆ ∧ p∗A) = dB
where we have defined B = pˆ∗Aˆ ∧ p∗A ∈ Ω2(F ). We define T-duality maps
T : H∗(E,H)→ H∗−1(Eˆ, (ξ, Hˆ))
Tξ : H
∗(E, (ξ,H)) → H∗−1(Eˆ, Hˆ)
by the Hori formula (9):
T = pˆ∗ ◦ e
B ◦ p∗
Tξ = pˆ∗ ◦ e
B ◦ p∗.
Let Rξ be the flat line bundle corresponding to ξ ∈ H
1(M,Z2). The push-
forward maps pˆ∗ : Ω
k(F )→ Ωk−1(Eˆ,Rξ) and pˆ∗ : Ω
k(F,Rξ)→ Ω
k−1(Eˆ) are
essentially fibre integration.
By symmetry of the T-duality relation we can easily define T-duality
transformations Tˆ , Tˆξ in the reverse direction:
Tˆ = p∗ ◦ e
−B ◦ pˆ∗
Tˆξ = p∗ ◦ e
−B ◦ pˆ∗.
Proposition 5.5. Let (E,H),(Eˆ, Hˆ) be T-dual pairs with ξ the orientation
class of the fibres. We have isomorphisms of twisted cohomologies
H∗(E,H) ≃ H∗−1(Eˆ, (ξ, Hˆ))
H∗(E, (ξ,H)) ≃ H∗−1(Eˆ, Hˆ).
More specifically the T-duality maps T, Tξ, Tˆ , Tˆξ are isomorphisms with T
−1 =
−Tˆξ and T
−1
ξ = −Tˆ .
Proof. We proved in Proposition 5.3 that the twisted cohomology H∗(E,H)
can be computed using the subcomplex of invariant forms. The proof can
easily to be extended to show that the twisted cohomology H∗(E, (ξ,H))
with local coefficients is likewise isomorphic to the subcomplex of invari-
ant forms. The only difference is that H∗inv(E, (ξ,H)) corresponds to the
−1-eigenspace of the Z2-action on H
∗(E2,m
∗H), where m : E2 → E is the
double cover determined by ξ.
Take x ∈ Ω∗inv(E). Using the twisted connection A we may uniquely
decompose x as follows:
x = π∗(α) +A ∧ π∗(β)
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where α ∈ Ω∗(E), β ∈ Ω∗−1(E,Rξ). One easily checks that Tx ∈ Ω
∗−1
inv (E,Rξ)
is given by
Tx = πˆ∗(β)− Aˆ ∧ πˆ∗(α).
Repeating this we find that TˆξTx = −x, so that T is invertible on the space
of invariant forms with inverse −Tˆξ. Since every cohomology class has an
invariant representative the result follows. The proof that T−1ξ = −Tˆ is
identical.
6 Twisted K-theory
Having demonstrated that T-duality gives an isomorphism between twisted
cohomologies we would like to lift our results to twisted K-theory. For this
we need K-theory twisted not only by elements of H3(X,Z) but also by
H1(X,Z2). We will provide an overview of such twisted K-theory in terms
of graded bundle gerbes.
The K-theory of a space twisted by classes in H1(X,Z2) × H
3(X,Z)
was introduced by Donovan and Karoubi [17] in the torsion case and by
Rosenberg [34] for arbitrary classes in H3(X,Z). Other papers introduc-
ing twisted K-theory are [6], [2] and [20]. We mostly follow the paper
[20] of Freed, Hopkins and Teleman since they work with general classes in
H1(X,Z2) × H
3(X,Z). However we have chosen to describe twists of K-
theory in terms of bundle gerbes rather than graded central extensions of
groupoids.
6.1 Graded bundle gerbes
On a given space X the different possible twists of K-theory are classified by
H1(X,Z2)×H
3(X,Z), however this only classifies twists up to isomorphism.
In the various models of twisted K-theory one can introduce a category of
twists on X which has H1(X,Z2) × H
3(X,Z) as the set of isomorphism
classes of objects. We will describe twists using a notion of graded bundle
gerbes, a mild extension of the notion of bundle gerbe as introduced by
Murray [28]. Our presentation is a straightforward adaptation of [28], [38],
[6]. Graded bundle gerbes are close to the definition of twists used in [20]
using graded central extensions of groupoids.
Let X be a Hausdorff space. We will be concerned with pairs (Y, π)
where Y is a Hausdorff space and π : Y → X a surjective map that admits
local sections. If (Y, π),(Z, µ) are two such pairs over X then the fibre prod-
uct (Y ×X Z, π ×X µ) is also a pair. When we turn to the twisted Chern
character we will need to work in the smooth category so a (smooth) pair
(Y, π) over a smooth manifold X is a smooth manifold Y and a surjective
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submersion π : Y → X that admits local sections. In this case the fibre
product of two smooth pairs is again a smooth pair.
A pair (Y, π) over a spaceX has a groupoid interpretation. We think ofX
as a topological groupoid with only identity morphisms and we think of Y as
a topological groupoid with objects Y [1] = Y and morphisms Y [2] = Y ×XY ,
so that any two objects of Y have exactly one morphism between them if
they lie in the same fibre of π. There is an evident functor π : Y → X which
is a local equivalence in the language of [20].
Example 6.1. Let U = {Ui}i∈I be an open cover of X. We let XU =
∐
i∈I Ui
be the disjoint union. The evident map π : XU → X gives a pair (XU , π)
over X.
Example 6.2. Let π : P → X be a principal G-bundle. Then the groupoid
structure on P associated to the map π : P → X coincides with the groupoid
structure on P given by the right action of G. This groupoid is usually
denoted P//G.
Definition 6.1. A grading on a groupoid G = (Obj(G),Mor(G)) is a func-
tor ǫ : G → {pt}//Z2, that is an assignment ǫ : Mor(G) → Z2 of ±1 to
morphisms of G such that ǫ(fg) = ǫ(f)ǫ(g) when the composition is de-
fined.
Example 6.3. A grading for a pair (XU , π) associated to a cover U of X is a
collection of continuous maps ξij : Uij → Z2 satisfying the cocycle condition.
That is a grading for (XU , π) is a Z2-valued Cˇech 1-cocycle.
Example 6.4. If X is connected and π : P → X a principal G-bundle then
a grading for P//G is precisely a group homomorphism G→ Z2.
Definition 6.2. Let (Y, π) be a pair over X regarded as a groupoid. Y . A
central extension of Y is a topological groupoid L and functor p : L → Y
such that p : Obj(L) → Y [1] is a homeomorphism, p : Mor(L) → Y [2] is
a Hermitian line bundle and the groupoid multiplication in L is complex
linear and Hermitian in the fibres of p.
A bundle gerbe (Y, π, L, p) on X is consists of a pair (Y, π) over X and a
central extension p : L→ Y .
A graded bundle gerbe is a bundle gerbe (Y, π, L, p) and a grading ǫ :
Y → {pt}//Z2.
We will say that a gerbe (Y, π, L, p) or graded gerbe (Y, π, L, p, ǫ) is
associated to the pair (Y, π).
To each morphism f ∈ Y [2] we get a complex line Lf and isomorphisms
mf,g : Lf ⊗Lg → Lfg whenever the composition fg is defined. This compo-
sition must be associative in the evident sense. We can think of the grading
ǫ : Y [2] → Z2 as assigning to each line Lf a grading ǫ(f) ∈ Z2 and the mul-
tiplication mf,g respects the grading. Throughout this section the tensor
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product is to be understood in the graded sense, so there is a sign involved
when exchanging factors of a tensor product.
Fix a pair (Y, π) over X. We say that two graded gerbes (Y, π, L, p, ǫ),
(Y, π, L′, p′, ǫ′) are strictly isomorphic if there is an invertible functor of
groupoids F : L → L′ such that p = p′ ◦ F and F is a linear isometry
between the fibres of p : L→ Y and p′ : L′ → Y .
The product of graded gerbes (Y, π, L, p, ǫ) ⊗ (Y, π, L′, p′, ǫ′) is a graded
gerbe of the form (Y, π, L⊗L′, ǫ+ ǫ′). Here L⊗L′ denotes the graded tensor
product of L and L′. Let f, g ∈ Y [2] be morphisms such that the composition
fg is defined. The groupoid structure on L⊗ L′ is defined as follows:
(Lf ⊗ L
′
f )⊗ (Lg ⊗ L
′
g)
sw // (Lf ⊗ Lg)⊗ (L
′
f ⊗ L
′
g)
mf,g⊗m
′
f,g // Lfg ⊗ L
′
fg
where sw is the morphism which swaps the inner two factors with appropri-
ate sign factor. It is this sign factor that makes a difference between graded
gerbes and ungraded gerbes.
One way to construct a graded gerbe is a follows: let (T, t) be a graded
Hermitian line bundle over Y [1], that is T → Y [1] is a line bundle and
t : Y [1] → Z2 a locally constant function which specifies a grading on the
fibres of T . Let π0, π1 : Y
[2] → Y [1] be the source and target maps. Then we
define a graded gerbe (Y, π, L, p, ǫ) as follows: we let L = π∗0(T ) ⊗ π1(T
−1)
and ǫ = π∗0(t)− π
∗
1(t).
To define the groupoid structure on L, let f, g ∈ Y [2] be a pair such that
the composition fg is defined. Under the inclusion Y [2] ⊆ Y [1] × Y [1] we
may write f = (i, j), g = (j, k), fg = (i, k). The groupoid structure on L is
the following:
Lf ⊗ Lg Ti ⊗ T
−1
j ⊗ Tj ⊗ T
−1
k
// Ti ⊗ T
−1
k
Lfg.
We let δ(T ) denote this gerbe. Such a gerbe is called trivial.
Suppose that (T, t), (T ′, t′) are graded line bundles over Y [1] and δ(T ), δ(T ′)
the associated gerbes. A grading preserving isomorphism σ : T → T ′ in-
duces a canonical strict isomorphism δ(σ) : δ(T )→ δ(T ′).
We will now make a 2-category out of graded bundle gerbes associ-
ated to a pair (Y, π). A 1-morphism (T, t, τ) between (Y, π, L, p, ǫ) and
(Y, π, L′, p′, ǫ′) consists of a graded line bundle (T, t) over Y [1] and a strict
isomorphism τ : L⊗ δ(T )→ L′.
A 2-morphism σ between 1-morphisms (T, t, τ), (T ′, t′, τ ′) is an isomor-
phism σ : T → T ′ of graded line bundles inducing a strict isomorphism
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δ(σ) : δ(T ) → δ(T ′) such that the following diagram of strict isomorphisms
commute:
L⊗ δ(T )
τ //
1⊗δ(σ)

L′
L⊗ δ(T ′)
τ ′
::vvvvvvvvvv
Observe that the automorphisms of a graded gerbe modulo 2-morphisms
can be identified with the group H0(X,Z2) × H
2(X,Z) of isomorphism
classes of graded line bundles on X.
For a given pair (Y, π) over X let GY denote the 2-category of gerbes
associated to (Y, π). There is an associated 1-category [GY ] which has the
same objects as GY but the morphisms of [GY ] are morphisms of GY modulo
equivalence under 2-morphisms.
6.2 Twists of K-theory
So far we have made a 2-category GY out of graded bundle gerbes associated
to a fixed pair (Y, π) over X. Objects of GY determine twisted K-theory
groups of X. With some effort we can assemble the GY for different Y into
a single category of twists on X. We will not spell out the details since the
construction is somewhat complicated and not necessary for our applica-
tion. The details can be found in [20] or [38]. However we will still need to
work with gerbes defined for different pairs so we discuss the relevant points.
Given a pair (Y, π) over X twisted K-theory can be thought of as a
functor K : GY → Ab from GY to the category of abelian groups which is
made into a 2-category with only identity 2-morphisms. Put another way
the functor K factors to the 1-category quotient K : [GY ] → Ab. Given
a graded gerbe α ∈ GY we let K
∗(X,α) denote the corresponding twisted
K-theory. It is a Z2-graded abelian group. The definition is given in Section
6.3.
To compare gerbes on different spaces we consider a general notion of
strict morphism between graded gerbes. Let X,X ′ be spaces (Y, π), (Y ′, π′)
pairs over X,X ′ and let α,α′ be graded gerbes α ∈ GY , α
′ ∈ GY ′ . Let
L→ Y [2], L′ → Y ′[2] be the corresponding line bundles. We will use the term
strict morphism to mean a triple of maps (f, g, h) forming a commutative
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diagrams
L
p

h // L′
p′

Y [2]
g[2] // Y ′[2]
and
Y
g //
pi

Y ′
pi′

X
f // X ′
such that for each u ∈ Y [2] the map hu : Lu → L
′
g[2]u
is an isomorphism
and such that h respects the grading and multiplication structures in the
evident sense [38]. We write (f, g, h) : (X,α) → (X ′, α′). Provided that
the map f : X → X ′ between bases is a proper map such a triple induces
a pull-back operation (f, g, h)∗ : K∗(X ′, α′) → K∗(X,α). The pull-back
makes K-theory into a contravariant functor between spaces with graded
gerbes.
In the special case that X ′ = X and f = id is the identity it follows
from [20] that the pull-back (id, g, h)∗ : K∗(X,α′) → K∗(X,α) is actually
an isomorphism.
There is a notion of homotopy between triples (f0, g0, h0) and (f1, g1, h1).
It can be viewed as a strict morphism (ft, gt, ht) : (X× [0, 1], p
∗α)→ (X ′, α′)
where p is the projection p : X × [0, 1] → X. For twisted K-theory we
want to assume f0, f1 are proper and ft is a homotopy through proper
maps. Homotopy invariance of twisted K-theory is the property that if
(f0, g0, h0), (f1, g1, h1) are homotopic triples then (f0, g0, h0)
∗ = (f1, g1, h1)
∗.
There are some special cases of this pull-back operation to consider.
Given a proper map f : X → X ′ between spaces, a pair (Y ′, π′) over X ′ and
a graded gerbe α′ ∈ GY ′ then there is an evident pull-back Y = f
∗(Y ′), α =
f∗α′ ∈ GY which defines a pull-back map f
∗ : K∗(X ′, α) → K∗(X, f∗α′).
Next consider the case X ′ = X, f = id. Thus suppose that (Y, π), (Y ′, π′)
are pairs over X. Given a map g : Y → Y ′ such that π = π′ ◦ g and an
element α′ ∈ GY ′ there is an evident pull-back g
∗α′ ∈ GY . This is a special
type of strict morphism so we get a pull-back g∗ : K∗(X,α′)→ K∗(X, g∗α′),
which as we have already remarked is in fact an isomorphism.
Using pull-back we can form the product of gerbes A,B associated to
different pairs (Y, π), (Y ′, π′) over X. We pull-back A,B to gerbes associated
to the fibre product (Y ×X Y
′, π ×X π
′) and then use the product stucture
on GY×XY ′ that we have already defined. The product defined in this way
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is associative. Two graded gerbes A,B are said to be stably isomorphic if
the product A⊗B∗ of A and the dual of B is trivial [6].
Given a graded bundle gerbe α over a pair (Y, π) we can find an open
cover {Ui} with sections si : Ui → Y . This further defines sections sij =
(si, sj) : Uij → Y
[2]. If Q → Y [2] is the principal U(1)-bundle defined by α
then we may assume the cover is such that s∗ijQ is trivial. Let rij : Uij → Q
be a section. Define U(1)-valued maps gijk : Uijk → U(1) by m(rij , rjk) =
rikgijk where m denotes the gerbe multiplication. One sees that {gijk} is
a Cˇech cocycle and that the class of {gijk} in H
2(X, C(U(1))) = H3(X,Z)
does not depend on the choice of cover or choice of local sections. The
class [gijk] is called the (ungraded) Diximier-Douady class of α. If we as-
sume also that the Uij are connected then s
∗
ijQ has either even or odd
parity and this gives us a Z2-valued cocycle eij , the class of which lies in
H1(X,Z2). The pair ([eij ], [gijk]) ∈ H
1(X,Z2) × H
3(X,Z) will be called
the graded Diximier-Douady class of α, or just the Diximier-Douady class
if no confusion will arise. Stably isomorphic graded gerbes have the same
Diximier-Douady class and it is not hard to see that the converse is also true.
Let T WX denote the set of all graded gerbes on X. Elements of T WX
are what we use for twists of K-theory. The set |T WX | of stable iso-
morphism classes of graded gerbes is isomorphic to H1(X,Z2) ×H
3(X,Z)
through the Diximier-Douady class. The multiplication defines a group
structure on the set |T WX | of isomorphism classes of graded gerbes. One
finds that |T WX | fits into an exact sequence
0→ H3(X,Z)→ |T WX | → H
1(X,Z2)→ 0.
Under the canonical splitting |T WX | = H
1(X,Z2)×H
3(X,Z) given by the
Diximier-Douady class the group operation becomes the following [20]:
(v, V )(w,W ) = (v + w, V +W + β(vw)) (10)
where β : H2(X,Z2)→ H
3(X,Z) is the Bockstein homomorphism.
Given a graded gerbe α ∈ T WX we let |α| denote the isomorphism class
of α in |T WX | = H
1(X,Z2)×H
3(X,Z). Since the twisted K-theory group
K∗(X,α) depends up to isomorphism only of the stable isomorphism class
of α we sometimes write K∗(X, |α|). It is important to note however that
if α,α′ have the same graded Diximier-Douady class then K∗(X,α) and
K∗(X,α′) are not canonically isomorphic.
6.3 Definition
We outline the definition of twisted K-theory associated to a graded bundle
gerbe. For the most part we will not work directly with the definition which
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is quite techincal. It is included mainly for completeness. Our definition is
based upon [20], [12], [2].
Let H = H0 ⊕H1 be a Z2-graded separable complex Hilbert space with
both the even and odd degree subspaces infinite dimensional. Following [2]
the group U(H) of unitary operators is given the compact-open topology as
a subspace of End(H) × End(H) through the map g 7→ (g, g−1). We then
give the projective unitary group PU(H) quotient topology. If Z is metriz-
able and we are given a continuous map Z → U(H) then the associated
map Z ×H → Z ×H is a homeomorphism, so we can speak of Hilbert bun-
dles with structure group U(H). Similarly for any space on which U(H) or
PU(H) act continuously we can speak of fibre bundles with structure group
U(H) or PU(H). More relevant here is the subgroup U(H0) × U(H1) of
U(H) preserving the Z2-grading and the subgroup Z2⋉ (U(H0)×U(H1)) of
elements that either preserve or reverse the grading. A Z2-graded Hilbert
bundle will be assumed to have structure group U(H0)×U(H1).
Let π : Y → X be a pair and L→ Y [2] a graded bundle gerbe associated
to Y . A Hilbert module for L is a Z2-graded Hilbert bundle H → Y together
with an isomorphism φ : L ⊗ π∗1H → π
∗
2H of graded Hilbert bundles on
Y [2]. The isomorphism φ is required to be compatible with the gerbe mul-
tiplication on Y [3] in the evident sense. There is also an evident notion of
morphism between Hilbert modules which requires compatibility with the
gerbe module structure.
Following [20] a Hilbert module H for L is called universal if for every
Hilbert module V for L there is a unitary embedding V → H and locally
universal if H|U is universal for every open subset U ⊆ X. According to [20,
Lemma 3.12] every graded bundle gerbe admits a locally universal Hilbert
module H which is unique up to unitary isomorphism. For each y ∈ Y , the
isomorphism L(y,y)⊗Hy → Hy determines a representation of U(1). By [20,
Lemma 3.11] the eigenbundle H(1) ⊆ H on which U(1) acts by its defining
representation is also locally universal. Henceforth we assume this property
whenever we choose a locally universal Hilbert module. It follows that the
projectivization P(H(1)) descends to a bundle of projective Hilbert spaces
over X. The associated structure group is the group Z2⋉P (U(H0)×U(H1))
of projective unitary transformations of H = H0 ⊕ H1 that either preserve
or interchange the subspaces P(H0),P(H1).
We now introduce a space on which the group Z2 ⋉ P (U(H0)×U(H1))
acts. Let Fred(0)(H) denote the space of odd skew-adjoint Fredholm opera-
tors A for which A2+1 is compact. The topology of Fred(0)(H) is induced by
the map Fred(0) → End(H)×K(H) sending A to (A,A2+1), where End(H)
is given the compact-open topology and K(H) is the space of compact op-
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erators with the norm topology. According to [2] the space Fred(0)(H) is a
classifying space for untwisted K-theory.
For any graded bundle gerbe L onX and locally universal Hilbert module
H we get a bundle of projective spaces on X with structure group Z2 ⋉
P (U(H0) × U(H1)). Since this group acts continuously on Fred
(0)(H) we
get an associated fibre bundle Fred
(0)
L (H) of Fredholm operators. We would
also like to define bundles ΩnXFred
(0)
L (H) whose fibres are iterated based
loop spaces. For this a little care is required. The space Fred(0) doesn’t
have a natural basepoint. We can take any invertible element as a base
point but such a point will not be fixed by the group action. Thus to define
the bundles ΩnXFred
(0)
L (H) of loop spaces we need to first choose a section
s0 : X → Fred
(0)
L (H) which takes values in the invertible operators. Such
a section exists because the space of invertible elements of Fred(0)(H) is
contractible.
Definition 6.3. The twisted K-theory group K−n(X,L) of the graded bun-
dle gerbe L is the space of homotopy classes of compactly supported sections
of the fibre bundle ΩnXFred
(0)
L (H). A section of Fred
(0)
L (H) is compactly sup-
ported if there is a compact subset of X outside of which the section takes
values in the invertible operators. A similar notion of compactly supported
section applies to the bundles ΩnXFred
(0)
L (H).
As it stands the definition appears to depend on the choice of Hilbert
module H. However any two Hilbert modules are isomorphic and any two
such isomorphisms can be shown to be homotopic [20], so that there is a
canonical identification of homotopy classes of sections of the associated
bundles. From the definition we see that the K−n(X,L) have a natural
abelian group structure.
Let f : Y → X be a proper map and suppose L is a graded gerbe on X
and H a locally universal Hilbert module. We can define the pullback f∗L of
L and f∗H with the property that f∗H is a Hilbert module for f∗L. Let H ′
be a locally universal Hilbert module for f∗L and choose a unitary embed-
ding f∗H → H ′. This induces a map f∗ΩnXFred
(0)
L (H) → Ω
n
Y Fred
(0)
f∗L(H
′)
and further a map f∗ : K−n(X,L) → K−n(Y, f∗L) which can be shown
to be independent of choices involved. More generally there is a pullback
operation (f, g, h)∗ associated to triples (f, g, h) as described in Section 6.2.
In [2] it is shown that there is an equivariant homotopy equivalence
Fred(0)(H)→ Ω2Fred(0)(H). This gives natural isomorphismsK−n−2(X,L) ≃
K−n(X,L) and allows the definition ofKi(X,L) for positive i by periodicity.
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6.4 Some properties of twisted K-theory
We now outline some of the main propeties of twisted K-theory as developed
in [20],[12],[2]. These properties make it possible to carry out calculations
of twisted K-theory groups without directly working with the defintion.
Multiplication: given twists α, β ∈ T WX there is a corresponding
multiplication:
Ki(X,α) ⊗Kj(X,β)→ Ki+j(X,α ⊗ β)
which is associative and graded commutative. In particular this givesK∗(X,α)
the structure of a K∗(X)-module.
Push-forward: To define the push-forward first we must explain how
a graded gerbe can be associated to a vector bundle. Let V → X be a rank
k orthogonal vector bundle over X. Associated to V is the principal O(k)-
bundle π : P → X of orthonormal frames. We view (P, π) as a pair over X or
as the groupoid P//O(k). There is a natural identification P [2] = P ×O(k).
Now the group1 Pinc(k) fits into an exact sequence [1]
1→ U(1)→ Pinc(k)→ O(k)→ 1
and this defines a principal U(1)-bundle over P [2] and an associated line
bundle L → P [2]. The group multiplication in Pinc(k) then determines a
multiplication on L giving it the structure of a bundle gerbe. Moreover the
determinant homomorphism O(k) → Z2 gives L the structure of a graded
gerbe. We call L = L(V ) the lifting gerbe of V . The Dixmier-Douady class
of L is |L| = (w1(V ),W3(V )), where w1(V ) is the first Stiefel-Whitney class
of V and W3(V ) is the third integral Stiefel-Whitney class of V .
Let X,Y be smooth manifolds and let f : X → Y be a smooth map.
Choose Riemannian metrics on X and Y . The bundle TX ⊕ f∗(TY ) has
a metric so we may take the lifting gerbe L(TX ⊕ f∗(TY )) which we also
denote by L(f). If we choose different metrics onX and Y we get isomorphic
lifting gerbes. Indeed choosing a path of metrics joining the given metrics
we can identify the frame bundles by parallel translation and this gives
an isomorphism. Two different paths are homotopic and this induces a
homotopy between the two isomorphisms.
Let α ∈ T WY be a graded gerbe on Y . The push-forward is a map
f∗ : K
∗(X,L(f) ⊗ f∗(α))→ K∗−d(Y, α)
1There are two distinct pin groups Pin±(k) but the associated pin
c groups are isomor-
phic.
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where d = dim(X) − dim(Y ). Note that the class of L(f) is trivial if and
only if TX ⊕ f∗(TY ) admits a Spinc-structure which is the condition one
usually requires to define a push-forward in untwisted K-theory.
The push-forward respects compositions and commutes with pull-backs
in the obvious sense.
The case where f : X → Y is a fibre bundle deserves special attention.
Let V = Ker(f∗) be the vertical bundle. Choose metrics on Y and V and
choose an isomorphism TX = V ⊕f∗(TY ). This determines a corresponding
metric on X. As bundles with metrics we have TX⊕f∗(TY ) = V ⊕f∗(TY ⊕
TY ). We show there is a canonical isomorphism between the lifting gerbe
for TX ⊕ f∗(TY ) = V ⊕ f∗(TY ⊕ TY ) and the lifting gerbe for V . For this
it suffices to show that for any rank k vector bundle E with metric there is a
canonical Pinc(2k)-structure on E⊕E. Recall that the map U(k)→ SO(2k)
admits a lift U(k)→ Spinc(2k). We then have a commutative diagram
O(k) //

**UUU
UUU
UUU
UUU
UUU
UUU
UUU
U(k) // Spinc(2k)

Pinc(2k)

O(k)×O(k) // O(2k)
which gives the desired Pinc(2k)-structure. Let L(V ) be the lifting gerbe
for V and let α ∈ T WY be any graded gerbe on Y . It follows that there
is a canonical isomorphism K∗(X,L(f) ⊗ f∗(α)) ≃ K∗(X,L(V ) ⊗ f∗(α)).
We then have the following alternative form of the push-forward for fibre
bundles:
f∗ : K
∗(X,L(V )⊗ f∗(α))→ K∗−d(Y, α).
This form of the push-forward also respects composition and commutes with
pull-backs.
Finally another special case of the push-forward occurs for open embed-
dings i : U → X. Suppose α is a gerbe on X and by restriction defines a
gerbe α|U on U . The push-forward i∗ : K
∗(U,α|U )→ K
∗(X,α) amounts to
taking a homotopy class of section supported on U and extending it trivially
to X.
Mayer-Vietoris: if U1, U2 are open sets covering X and α ∈ T WX is
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a twist then we have a natural long exact sequence
K0(X,α)

K0(U1, α) ⊕K
0(U2, α)oo K
0(U1 ∩ U2, α)oo
K1(U1 ∩ U2, α) // K
1(U1, α) ⊕K
1(U2, α) // K
1(X,α)
OO
where α defines twists on U1, U2, U1∩U2 by restriction. Moreover the Mayer-
vietoris sequence is natural is the sense that pull-back, push-forward and
isomorphism of twists yield commuting Mayer-Vietoris sequences.
6.5 T-duality of twisted K-theory
Now we consider the behavior of twisted K-theory under T-duality of circle
bundles. Let (E, h), (Eˆ, hˆ) be T-dual pairs over a base M . We assume
that E, Eˆ,M are smooth manifolds since we want to use the push-forward
in twisted K-theory. It may be possible to define the push-forward in a
more general context but we will not pursue this. Represent h, hˆ by twists
αh ∈ T WE , αhˆ ∈ T WEˆ such that h, hˆ are the graded Dixmier-Douady
classes of αh, αhˆ. As usual let F = E ×M Eˆ be the correspondence space
with projections p, pˆ. Since p∗h = pˆ∗hˆ it follows that there is an isomorphism
η : p∗(αh)→ pˆ
∗(α
hˆ
) inducing an isomorphism
u : K∗(F, p∗αh)→ K
∗(F, pˆ∗α
hˆ
)
which generally depends on the choice of isomorphism η. Let ξ ∈ H1(M,Z2)
denote the Stiefel-Whitney class of E, Eˆ. Let γ = L(V ) ∈ T WM be the lift-
ing gerbe for the vertical bundle of E (and also Eˆ). Note that the Dixmier-
Douady class of γ is (ξ, 0) ∈ |T WM |. Then βh = γ⊗αh represents (ξ, h) and
β
hˆ
= γ⊗α
hˆ
represents (ξ, hˆ). We then have an isomorphism 1⊗η : βh → βhˆ
so there is an associated isomorphism
uξ : K
∗(F, p∗βh)→ K
∗(F, pˆ∗β
hˆ
).
Following the example of twisted cohomology we will define a T-duality
transformation
Tξ : K
∗(E, βh)→ K
∗−1(Eˆ, α
hˆ
)
by the composition
Tξ = pˆ∗ ◦ uξ ◦ p
∗.
Expressed as a diagram the map Tξ is the composition
K∗(E, βh)
p∗ // K∗(F, p∗βh)
uξ // K∗(F, pˆ∗β
hˆ
)
pˆ∗ // K∗−1(Eˆ, α
hˆ
).
Note that this is well defined since the push-forward pˆ∗ has the form
pˆ∗ : K
∗(F, pˆ∗β
hˆ
) = K∗(F, pˆ∗γ ⊗ pˆ∗α
hˆ
)→ K∗−1(Eˆ, α
hˆ
)
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since pˆ∗γ is the lifting gerbe for the vertical bundle of F → Eˆ.
We can similarly define a T -duality map T : K∗(E,αh) → K
∗−1(Eˆ, β
hˆ
)
by the following composition
K∗(E,αh)
p∗ // K∗(F, p∗αh)
u // K∗(F, pˆ∗α
hˆ
)
pˆ∗ // K∗−1(Eˆ, β
hˆ
).
Note that in order to define the push-forward here we are identifying pˆ∗γ ⊗
pˆ∗β
hˆ
with pˆ∗α
hˆ
by means of a trivialization of γ ⊗ γ. Since γ is a lifting
gerbe we have seen that there is a trivialization of γ⊗γ which at the level of
K-theory gives a canonical isomorphism K∗(F, pˆ∗γ ⊗ pˆ∗β
hˆ
)→ K∗(F, pˆ∗α
hˆ
).
At the level of isomorphism classes we can view T, Tξ as maps
T : K∗(E, h)→ K∗−1(Eˆ, (ξ, hˆ))
Tξ : K
∗(E, (ξ, h)) → K∗−1(Eˆ, hˆ)
though T, Tξ viewed in this way are not natural transformations due to the
choices involved.
In order for the T-duality transformations T, Tξ to be isomorphisms we
need to choose the isomorphism η : p∗(αh) → pˆ
∗(α
hˆ
) to have a specific
property [11]. For each point b ∈ M consider the fibres Tb = π
−1(b) and
Tˆb = πˆ
−1(b) of E and Eˆ over b. The fibre of the correspondence space
F over b is then Tb × Tˆb. Since the fibres Tb, Tˆb are one dimensional we
have that the restrictions of h, hˆ to the fibres are trivial. Thus αh and αhˆ
restricted to Tb and Tˆb respectively admit trivializations τ : 0 → αh|Tb ,
τˆ : 0 → α
hˆ
|
Tˆb
. Now comparing the isomorphisms η|
Tb×Tˆb
and pˆ∗τˆ ◦ (p∗τ)−1
we have they differ by an automorphism of p∗(αh)|Tb×Tˆb and this projects
to a class µ ∈ H2(Tb × Tˆb,Z). If we change the trivializations τ, τˆ then the
class µ changes by elements in the subspaces H2(Tb,Z),H
2(Tˆb,Z). In our
case Tb, Tˆb are 1-dimensional so in fact the class µ ∈ H
2(Tb × Tˆb,Z) ≃ Z is
well defined. Note that since E, Eˆ have the same Stiefel-Whitney class the
bundle F →M is oriented and a choice of orientation fixes the isomorphism
H2(Tb × Tˆb,Z) ≃ Z.
The condition we require on η is that for all b ∈ M the class µ = µ(η)
under the above identification equals 1. This condition ensures that the
transformations T, Tξ restricted to individual fibres recovers the K-theory
equivalent of the Fourier-Mukai transform. The class 1 ∈ Z ≃ H2(Tb×Tˆb,Z)
is the Chern class of the Poincare´ line bundle. An isomorphism η with this
property will be said to have the Poincare´ property.
It is always possible to find an isomorphism η with the Poincare´ property.
Our proof makes use of gerbes with connection and curving so we defer the
proof until Section 7.3, where it is proved in Proposition 7.3.
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Proposition 6.1. LetM be a smooth manifold admitting a finite good cover.
For T -dual pairs (E, h), (Eˆ, hˆ) over M we have isomorphisms
K∗(E, h) ≃ K∗−1(Eˆ, (ξ, hˆ))
K∗(E, (ξ, h)) ≃ K∗−1(Eˆ, hˆ).
The T-duality transformations T, Tξ are isomorphisms provided we choose an
isomorphism η : p∗(αh) → pˆ
∗(α
hˆ
) with the Poincare´ property, as explained
above.
Proof. Following [10] we will prove the result in the case that the base has
a finite good cover using the Mayer-Vietoris sequence for twisted K-theory.
First note that for any open subset U of M , we may define the re-
strictions EU = π
−1(U), EˆU = πˆ
−1(U) of E, Eˆ and if αh, αhˆ are twists
representing h, hˆ we can restrict αh, αhˆ to EU , EˆU . The morphism u :
p∗(αh) → pˆ
∗(α
hˆ
) restricts to a morphism uU : p
∗(αh|U ) → pˆ
∗(α
hˆ
|U ) over
p−1π−1(U) = pˆ−1πˆ−1(U). It follows that the T-duality maps T, Tξ can be
restricted to open subsets and we get commutative squares
K∗(E, (ξ, h))
Tξ // K∗−1(Eˆ, hˆ)
K∗(EU , (ξ|U , h|U ))
Tξ //
i∗
OO
K∗−1(EˆU , hˆ|U )
i∗
OO
and similarly for T .
Now suppose we have a decomposition M = U ∪ V of M into two open
subsets. Taking the open cover EU = π
−1(U), EV = π
−1(U) of E and
a similar open cover EˆU , EˆV for Eˆ we get two associated Mayer-Vietoris
sequences. Naturality of the Mayer-Vietoris sequence ensures that the T-
duality map is a chain map between the two exact sequences. If the T-duality
map restricted to U ,V and U ∩ V are isomorphisms then by the 5-lemma
the T-duality map itself is an isomorphism.
Now we prove that the T-duality maps are isomorphisms whenever the
base has a finite good cover. Say a space has a good cover of order n if it
has a good cover with n elements. We prove the result by induction on n.
When n = 1 we have that M is contractible and the result is trivial to
verify. In fact E, Eˆ must be oriented circle bundles so the result already
follows from [10]. Note it is here that we require the property µ(η) = 1.
If the space M has a good cover U1, U2, . . . , Un, Un+1 then let U = U1 ∪
U2 ∪ · · · ∪ Un, V = Un+1. Clearly U has a good cover of order n and V a
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good cover of order 1, so by induction the T -duality map is an isomorphism
on U and V . By the Mayer-Vietoris sequence the T -duality map is an
isomorphism on M too.
7 The twisted Chern character
We have shown that one can define T-duality maps which are isomorphisms
between twisted cohomology or twisted K-theory on T-dual circle bundles.
Now we would like to refine this result to a statement that T-duality com-
mutes with the Chern character in the sense that we have a commutative
diagram of the form
K∗(E, h)
T //
Ch

K∗−1(Eˆ, (ξ, hˆ))
Ch

H∗(E,H)
T // H∗−1(E, (ξ, Hˆ))
and similarly with (E, h), (Eˆ, hˆ) interchanged. We will see that this is indeed
the case although it requires some care. The main issue is that to define
the twisted K-theory we need a graded gerbe, while to define the twisted
cohomology we need a 3-form representing the class of the gerbe.
To obtain a commutative diagram as above we need to unify these ob-
jects using gerbes with connection and curving. A related problem is that the
T-duality maps (denoted by Tξ in the diagram) depend on certain choices.
A morphism at the level of gerbes with connection and curving will simul-
taneously make choices for the T-duality transformations on K-theory and
twisted cohomology which commute with the Chern character.
7.1 Gerbe connections
Gerbe connections and curving for graded gerbes are identical to the un-
graded case as can be found in [28], [38], [6]. In this section we review
relevant details.
In order to define connections on gerbes we work in the category of
smooth manifolds. Thus a pair (Y, π) over a smooth manifold X is a smooth
manifold Y and surjective submersion π : Y → X. Let Y [k] denote the k-fold
fibre product of Y with itself. We get natural projections πi : Y
[k+1] → Y [k]
for i = 0, . . . , k which omit the (i + 1)-th factor. Define δ : Ω∗(Y [k]) →
Ω∗(Y [k+1]) to be
δ =
k∑
i=0
(−1)iπ∗i .
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For any p the sequence
0 // Ωp(X)
pi∗ // Ωp(Y [1])
δ // Ωp(Y [2])
δ // . . .
is exact [28].
Let (Y, π, L, p) be a gerbe on X, so in particular p : L → Y [2] is a
line bundle. Associated to L is a principal U(1)-bundle Q → Y [2]. A gerbe
connection is a Hermitian connection θ ∈ Ω1(Q)⊗C for Q→ Y [2] which pre-
serves the gerbe multiplication. Since θ repsects the multiplication one finds
that the curvature of the connection F ∈ Ω2(Y [2]) ⊗ C satisfies δ(F ) = 0.
Since θ is Hermitian we have that F/2πi is real, so one can find a 2-form
ω ∈ Ω2(Y [1]) ⊗ C such that F = δ(ω) and such that ω/2πi is real. Such
a choice of ω is called a curving for the gerbe connection. We have that
δ(dω) = d(δω) = dF = 0 so that there exists a unique 3-form H ∈ Ω3(X)
such that π∗H = dω/(2πi) called the curvature of the curving. Clearly H
is a representative in de Rham cohomology for the image of the Dixmier-
Douady class of the gerbe in real cohomology. Note that every gerbe admits
a connection and curving.
Fix a pair (Y, π) over X. We will make a 2-category out of gerbes as-
sociated to (Y, π) with connection and curving. Let (Y, π, L, p), (Y, π, L′, p′)
be gerbes associated to (Y, π) we sometimes use just L,L′ to refer to the
gerbes. Next suppose θ, ω and θ′, ω′ are connections and curvings for G and
G′ respectively. A 1-morphism (T, τ,∇, B) consists of:
• a Hermitian line bundle T → Y [1]
• a connection ∇ on T
• a 2-form B ∈ Ω2(X)
• a strict isomorphism of gerbes τ : L⊗ δ(T )→ L′
satisfying some conditions that we now explain. Note that the trivializable
gerbe δ(T ) inherits a natural connection and curving. The connection comes
from ∇ and the curving F is the curvature of T . Then we require that τ
identifies the product connection on L⊗ δ(T ) with the connection on L′ and
that the curvings ω, ω′ of L,L′ are related by
ω′ = ω + F + 2πiB. (11)
A 2-morphism (σ, u) between 1-morphisms (T, τ,∇, B), (T ′, τ ′,∇′, B′)
consists of an isomorphism σ : T → T ′ of line bundles inducing a strict
isomorphism δ(σ) : δ(T ) → δ(T ′) and a 1-form u ∈ Ω1(X) satisfying some
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conditions which we explain. There must be a commutative diagram of strict
isomorphisms:
L⊗ δ(T )
τ //
1⊗δ(σ)

L′
L⊗ δ(T ′)
τ ′
::vvvvvvvvvv
Moreover the connections ∇,∇′ on T, T ′ are related as follows:
(σ−1)∗∇ = ∇′ + 2πiu
and the 2-forms B,B′ are related by
B′ = B − du.
We can repeat all of the above definitions for graded gerbes. If two gerbes
L,L′ are isomorphic and we give L,L′ any choice of connections θ, θ′ and
curvings ω, ω′ there exists an isomorphism between (L, θ, ω) and (L′, θ′, ω′).
The group of of automorphisms of a gerbe with connection and curving
modulo 2-morphisms is the group of isomorphism classes of line bundles.
We call a 1-morphism determined by a 2-form B ∈ Ω2(X) a B-shift.
There is a more restricted notion of 1-morphism in which we set the 2-form
B = 0. Obviously every morphism factors into a B-shift and a morphism
with B = 0.
So far we have made a 2-category out of gerbes with connection and
curving which are associated to a fixed pair (Y, π). There is an evident
notion of pull-back under diagrams of the form
Y ′
f //
pi′   A
AA
AA
AA
A Y
pi
~~ ~
~~
~~
~~
X
or even a pull-back under base maps f : X → X ′. Using this we can speak
of isomorphism between gerbes with connection and curving defined with
respect to different pairs.
7.2 Twisted Chern character
Given a graded gerbe G on X with connection and curving one may define
a twisted Chern character
ChG : K
∗(X,G)→ H∗(M, (ξ,H))
where H is the curvature of G and ξ is the H1(X,Z2) part of the Diximier-
Douady class of G. For simplicity we assume that X is compact although
it should be possible to define the Chern character more generally using
compactly supported cohomology. We have used ChG to denote the twisted
Chern character associated to the gerbe with connection and curving G.
This notation obscures the fact that ChG depends on the connection and
curving however.
The twisted Chern character in the case of K-theory twisted by classes
in H3(X,Z), that is by ungraded gerbes is defined in [6], [31]. The extension
to the more general class of twists is quite straightforward. Indeed, a class
ξ ∈ H1(X,Z2) defines a double cover m : X2 → X with an involution
σ : X2 → X2 which permutes the elements in each fibre. Associated to ξ
is a flat line bundle L and associated to L is a lifting gerbe γ which has
Diximier-Douady class (ξ, 0). Any graded gerbe G with Diximier-Douady
class (ξ, h) can be canonically factored into a product G = γ ⊗ G0 where G0
is an ungraded gerbe with Diximier-Douady class h. We then have an exact
6-term sequence [21]
K0(X,G)
m∗ // K0(X2,m
∗G0) // K
0(X,G0)

K1(X,G0)
OO
K1(X2,m
∗G0)oo K
1(X,G)
m∗oo
Now suppose we give G0 a connection and curving with curvature H. As an
ungraded gerbe γ is canoncially trivial so we can give it the trivial connection
and curving. We then give G the product connection and curving which
also has curvature H and m∗G0 the pull-back connection and curving with
curvature m∗H.
There is a similar long exact sequence in twisted cohomology which is
split:
H0(X, (ξ,H))
m∗ // H0(X2,m
∗H) // H0(X,H)
0

H1(X,H)
0
OO
H1(X2,m
∗H)oo H1(X, (ξ,H))
m∗oo
Given this there is a unique way to define ChG : K
∗(X,G) → H∗(X, (ξ,H))
so that we have a commutative diagram
. . . // K∗−1(X,G0) //
ChG0

K∗(X,G)
m∗ //
ChG

K∗(X2,m
∗G0) //
Chm∗G

. . .
. . . // H∗−1(X,H)
0 // H∗(X, (ξ,H))
m∗ // H∗(X2,m
∗H) // . . .
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We remark that for any compact smooth manifold X the twisted Chern
character ChG : K
∗(X,G)⊗R→ H∗(X, (ξ,H)) tensored by R is an isomor-
phism [21]. The twisted Chern character respects pull-backs.
Let G,G′ be graded gerbes with connection and curving associated to
a pair (Y, π) over X. Suppose there is an isomorphism u : G → G′ which
involves a B-shift by B ∈ Ω2(X). Let ξ be the H1(X,Z2)-part of the
Diximier-Douady class of G and G′ and let H,H ′ be the curvature 3-forms.
Clearly H ′ = H + dB. The twisted Chern characters of G,G′ are related
through the following commutative diagram:
K∗(X,G)
u //
ChG

K∗(X,G′)
ChG′

H∗(X, (ξ,H))
e−B // H∗(X, (ξ,H ′))
Let f : X → Y a smooth map, α an ungraded gerbe on Y and L(f)
the lifting gerbe for f . Give α a connection and curving with curvature
H ∈ Ω3(Y ). The U(1)-bundle defining the lifting gerbe (with respect to
some choice of metrics on X,Y ) is associated to a Z2-bundle and so L(f)
can be equipped with a canonical flat gerbe connection and zero curving.
Of fundamental importance is the following version of the Riemann-Roch
formula for twisted K-theory [13], [14]:
Proposition 7.1 (Riemann-Roch formula for bundle gerbes). Suppose X,Y
are oriented, f : X → Y a map and α is ungraded. If a ∈ K∗(X,L(f)⊗f∗α)
then
Chα(f∗a)Aˆ(Y ) = f∗(ChL(f)⊗f∗α(a)Aˆ(X)).
Note that in order to make sense of this equation one must first de-
fine a push-forward operation for compactly supported cohomology twisted
by 3-forms and flat line bundles. We omit the details since the construction
parallels the construction of the push-forward in twisted K-theory as in [12].
It takes only a little work to remove the hypotheses thatX,Y are oriented
and α ungraded:
Proposition 7.2 (Riemann-Roch formula for graded bundle gerbes). For
any X,Y , map f : X → Y and graded gerbe α we have for a ∈ K∗(X,L(f)⊗
f∗α):
Chα(f∗a)Aˆ(Y ) = f∗(ChL(f)⊗f∗α(a)Aˆ(X)).
Proof. We can prove this result in increasing stages of generality. For ex-
ample assume α is ungraded, Y is oriented but X is not oriented. Let
m : X2 → X be the orientation double cover of X and set f2 = f ◦m. The
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Riemann-Roch formula for f will follow from Riemann-Roch for f2. Indeed
take a ∈ K∗(X,L(f) ⊗ f∗α) ⊗ R. Then a = m∗(a
′) where a′ = m∗(a)/2 ∈
K∗(X2, L(f2)⊗ f
∗
2α)⊗ R. We first note that we have an equality
m∗(ChL(f2)⊗f∗2α(a
′)) = ChL(f)⊗f∗α(m∗a
′).
Indeed the twisted Chern character commutes with pull-backs so
m∗(ChL(f)⊗f∗α(a)) = ChL(f2)⊗f∗2α(m
∗a) = 2ChL(f2)⊗f∗2α(a
′)
then apply m∗ to both sides and use m∗m
∗ = 2.
Now we find
Chα(f∗a)Aˆ(Y ) = Chα((f2)∗a
′)Aˆ(Y )
= (f2)∗(ChL(f2)⊗f∗2α(a
′)Aˆ(X2))
= f∗m∗(ChL(f2)⊗f∗2α(a
′)Aˆ(X2))
= f∗(ChL(f)⊗f∗α(a)Aˆ(X))
where we have used Riemann-Roch for f2.
A similar argument can be use to remove the other hypotheses and the
result follows.
7.3 The twisted Chern character in T-duality
Now that we have reviewed the twisted Chern character we show how the
T-duality transformations of twisted K-theory and twisted cohomology can
be defined so as to commute with the twisted Chern characters.
Let (E, h), (Eˆ, hˆ) be T -duals over a compact base M . As in Section 5.3
we may find twisted connections A, Aˆ with curvatures F, Fˆ and a 3-form
H3 ∈ Ω
3(M) such that if we define H, Hˆ by
H = π∗(H3) +A ∧ π
∗(Fˆ )
Hˆ = πˆ∗(H3) + Aˆ ∧ πˆ
∗(F )
then H, Hˆ represent h, hˆ in real cohomology. Next we choose (ungraded)
bundle gerbes αh, αhˆ representing the classes h, hˆ. We equip αh, αhˆ with
connections θ, θˆ and curvings ω, ωˆ such that H, Hˆ are the respective cur-
vatures. It is straightforward to see that given h, hˆ,H, Hˆ we can find such
triples (αh, θ, ω), (αhˆ, θˆ, ωˆ). We write G = (αh, θ, ω), Gˆ = (αhˆ, θˆ, ωˆ) for short.
On the correspondence space F = E×M Eˆ we have p
∗h = pˆ∗hˆ. It follows
that there is an isomorphism of gerbes with connection U : p∗G → pˆ∗Gˆ.
Underlying U is an isomorphism η : αh → αhˆ of gerbes without connections.
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Proposition 7.3. The isomorphism U can be chosen so that η satisfies the
Poincare´ property described in Section 6.5.
Proof. First we make an observation about the automorphisms of a gerbe
with connection and curving. Consider an automorphism determined by a
line bundle with connection (T,∇) and a shift in curving by a 2-form B. We
see that by (11) we must have B + 2πiF = 0, where F is the curvature of
∇. Thus if c(T ) is the Chern class of T then we have that B represents the
image of c(L) in real cohomology. Let us now apply this to the case at hand.
Associated to the morphism U is a B-shift by some 2-form C ∈ Ω2(F ). We
then have
pˆ∗Hˆ − p∗H = dC.
For any b ∈ B let Tb = π
−1(b), Tˆb = πˆ
−1(b) be the fibres of E, Eˆ. The
restrictions h|Tb , hˆTˆb vanish for dimensional reasons so it follows that there
are trivializations τ : 0 → G|Tb , τˆ : 0 → Gˆ|Tˆb where 0 denotes the trivial
gerbe with trivial connection and curving. The isomorphisms U |
Tb×Tˆb
and
pˆ∗τˆ ◦ p∗τ map from p∗(G|Tb) to pˆ
∗(Gˆ|
Tˆb
) so they differ by an automorphism.
Up to 2-morphism any automorphism is determined by a line bundle T
with connection ∇. Suppose that associated to τ, τˆ are B-shifts by 2-forms
µ ∈ Ω2(Tb), µˆ ∈ Ω(Tˆb). In fact since Tb, Tˆb are 1-dimensional we have
µ, µˆ = 0. Let F be the curvature of ∇. In then follows that
C|
Tb×Tˆb
= F,
so C restricted to the fibres is integral and represents the class µ ∈ H2(Tb×
Tˆb,Z) as described in Section 6.5.
Now recall that the 2-form B = −p∗A ∧ pˆ∗Aˆ has the property pˆ∗Hˆ −
p∗H = −dB. Therefore the 2-form φ = C +B is closed. Moreover restricted
to the fibres Tb × Tˆb we have that both C and B represent closed integral
2-forms. This means that even though the class [C + B] ∈ H2(F,R) might
not be integral its restriction to the fibres is. Making use of the filtration
on cohomology associated to the Leray-Serre spectral sequence it follows
that we may write [C + B] = x + p∗(y) + pˆ∗(z) where x ∈ H2(F,R) is
integral, y ∈ H2(E,R), z ∈ H2(Eˆ,R). Now we can find a line bundle T on
F with Chern class that equals −x in real cohomology. Let us compose the
morphism U with the gerbe automorphism associated to this line bundle.
Then redefine U as this composition and redefine C as the 2-form shift
associated to this newly defined U . It now follows that C + B restricted to
the fibres is cohomologically trivial. Thus the class of C restricted to the
fibre Tb × Tˆb agrees with the class of −B|Tb×Tˆb . But since −B = p
∗A ∧ pˆ∗Aˆ
this class in H2(Tb× Tˆb,R) is exactly image of the class of the Poincare´ line
bundle. It then follows that U has the Poincare´ property.
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If we now assume that U satisfies the Poincare´ property then as we
have seen the 2-form d = C + B has the property that restricted to the
fibres it is cohomologically trivial. By considering the Leray-Serre spectral
sequence for q : F → M we see that the class of d can be written in the
form [d] = p∗(y) − pˆ∗(z) for some classes y ∈ H2(E,R), z ∈ H2(Eˆ,R). Let
β, βˆ be 2-forms on E, Eˆ representing y, z. Now let us redefine the gerbes
with connections and curvings G, Gˆ by performing a shift in curving by β, βˆ
respectively. Then we get a morphism from p∗G to pˆ∗Gˆ by composing U
with the apropriate 2-form shifts. Let us redefine U to be this composition
and redefine C to be the correspoding 2-form shift. After doing this we find
that C and −B differ by an exact term. In summary given h, hˆ,H, Hˆ as
above we may choose representative gerbes with connections and curvings
G, Gˆ and an isomorphism U : p∗G → pˆ∗Gˆ such that the B-shift associated to
U has the form C = −B + da. From U we get an induced isomorphism u :
K∗(F, p∗G)→ K∗(F, pˆ∗Gˆ) of twisted K-theory that fits into a commutative
diagram
K∗(F, p∗G)
u //
Ch

K∗(F, pˆ∗Gˆ)
Ch

H∗(F, p∗H)
eB // H∗(F, pˆ∗Hˆ).
This is already close to proving the result that T-duality respects the
twisted Chern character. We know that pull-back respects the twisted Chern
character so we get a commutative diagram
K∗(E,G)
p∗ //
Ch

K∗(F, p∗G)
Ch

H∗(E,H)
p∗ // H∗(F, p∗H)
The remaining ingredient is the behaviour of the twisted Chern character
under push-forward. This relation is given by the Riemann-Roch formula
for twisted K-theory. In the simple case at hand q∗V = Ker(pˆ∗ : TF → TEˆ)
is a real line bundle so Aˆ(q∗V ) = 1. It follows that Riemann-Roch in this
case reduces to a commutative diagram
K∗(F, q∗γ ⊗ pˆ∗Gˆ)
Ch

pˆ∗ // K∗(Eˆ, Gˆ)
Ch

H∗(F, pˆ∗(ξ, Hˆ))
pˆ∗ // H∗(Eˆ, Hˆ)
where γ is the lifting gerbe for V equipped with flat connection and zero
curving. Using the canonical trivialization γ ⊗ γ = 1 we get a similar
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commutative diagram
K∗(F, pˆ∗Gˆ)
Ch

pˆ∗ // K∗(Eˆ, πˆ∗γ ⊗ Gˆ)
Ch

H∗(F, pˆ∗Hˆ)
pˆ∗ // H∗(Eˆ, (ξ, Hˆ))
Putting it all together obtain:
Proposition 7.4. We have a commutative diagram
K∗(E,G)
TK //
Ch

K∗−1(Eˆ, πˆ∗γ ⊗ Gˆ)
Ch

H∗(E,H)
TH // H∗−1(E, (ξ, Hˆ))
where TK = pˆ∗ ◦ u ◦ p
∗ and TH = pˆ∗ ◦ e
B ◦ p∗. Similarly we have a
commutative diagram
K∗(E, π∗γ ⊗ G)
TK
ξ //
Ch

K∗−1(Eˆ, Gˆ)
Ch

H∗(E, (ξ,H))
TH
ξ // H∗−1(E, Hˆ)
with TKξ , T
H
ξ defined similarly.
8 Courant algebroids
The structure of Courant algebroids is intimately linked to T-duality, see for
example [23, Chapter 8],[15, Chapter 7] and [26]. We will demonstrate that
such a relation extends to T-dual circle bundles by associating to a pair
(E,H) a Courant algebroid E(E,H) over M and show that T-dual pairs
have isomorphic Courant algebroids.
Courant algebroids were introduced in [30] as a generalization of the
bracket used by Courant [16] to define Dirac structures. We recall the defi-
nition of Courant algebroids from the point of view of the Dorfman bracket
[35]. A Courant algebroid on a smooth manifold X can be defined as a vec-
tor bundle C → X with non-degenerate bilinear form ( , ) bilinear bracket
[ , ] : Γ(C) ⊗ Γ(C) → Γ(C) called the Dorfman bracket and bundle map
ρ : C → TX called the anchor such that
• [a, [b, c]] = [[a, b], c] + [b, [a, c]]
53
• ρ[a, b] = [ρ(a), ρ(b)]
• [a, fb] = ρ(a)(f)b+ f [a, b]
• [a, b] + [b, a] = d(a, b)
• ρ(a)(b, c) = ([a, b], c) + (b, [a, c])
where a, b, c ∈ Γ(C), f is a function on X and d is the operator d : C∞(X)→
Γ(C) defined by (df, a) = ρ(a)(f). Courant algebroids are more often defined
in terms of a skew-symmetric bracket called a Courant bracket as in [30].
The Courant bracket is the anti-symmetrization of the Dorfman bracket.
A Courant algebroid C → X is exact if the sequence
0 // T ∗X
ρ∗ // C
ρ // TX // 0
is exact. Here ρ∗ is the transpose T ∗X → C∗ of ρ followed by the identifica-
tion of C and C∗ using the pairing. Exact Courant algebroids over a man-
ifold X are classified by third cohomology with real coefficients, H3(X,R).
In fact given a closed 3-form H representing a class in H3(X,R) we make
C = TX ⊕ T ∗X into a Courant algebroid with H-twisted Dorfman bracket
[36] given by
[(A,α), (B, β)]H = ([A,B],LAβ − iBdα+ iBiAH), (12)
pairing ( , ) given by the obvious paring of TX with T ∗X and anchor the pro-
jection ρ : C → TX. Then (C, [ , ]H , ( , ), ρ) is an exact Courant algebroid
and one can show that every exact Courant algebroid on X is isomorphic
to one of this form. Given two closed 3-forms H,H ′ the associated exact
Courant algebroids are isomorphic if and only if H and H ′ represent the
same class in H3(X,R).
Given a pair (E, h) consisting of a circle bundle π : E →M overM and a
class h ∈ H3(E,Z) there is an exact Courant algebroid Ch → E over E cor-
responding to the class hR ∈ H
3(E,R). Given a representative H ∈ Ω3(E)
of the class h we can realize Ch as the bundle TE⊕ T
∗E equipped with the
Dorfman bracket (12) twisted by H. If we choose an invariant representative
for H then the space of invariant sections of TE ⊕ T ∗E is closed under the
twisted Dorfman bracket and this defines a Courant algebroid E(E,H) over
M . The anchor is the composition Ch → TE → TM .
Let (E, h), (Eˆ, hˆ) be T-dual circle bundles. As in Section 5.3 we may find
twisted connections A, Aˆ with curvatures F, Fˆ and a 3-form H3 ∈ Ω
3(M)
such that if we define H, Hˆ by
H = π∗(H3) +A ∧ π
∗(Fˆ )
Hˆ = πˆ∗(H3) + Aˆ ∧ πˆ
∗(F )
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then H, Hˆ represent h, hˆ in real cohomology. The twisted connections A,Aˆ
yield associated splittings
TE = TM ⊕Rξ
T ∗E = T ∗M ⊕ Rξ
TEˆ = TM ⊕Rξ
T ∗Eˆ = T ∗M ⊕ Rξ
where ξ ∈ H1(M,Z2) is the first Stiefel-Whitney class of E and Eˆ and Rξ
the associated flat line bundle. Notice that the bundles TE ⊕ T ∗E and
TEˆ ⊕ T ∗Eˆ can both be identified with TM ⊕ Rξ ⊕ Rξ ⊕ T
∗M .
The idea now is that T -duality is an exchange of the two Rξ-factors.
Define a map φ : TE ⊕ T ∗E → TEˆ ⊕ T ∗Eˆ to be the interchange
φ(X,x, a, λ) = (X, a, x, λ)
where we have identified TE⊕T ∗E and TEˆ⊕T ∗Eˆ with TM⊕Rξ⊕Rξ⊕T
∗M .
Proposition 8.1. The map φ : TE ⊕ T ∗E → TEˆ ⊕ T ∗Eˆ determines an
isomorphism of Courant algebroids φ : E(E,H)→ E(Eˆ, Hˆ).
Proof. Our proof is a straightforward adaptation of [15, Theorem 7.2]. Re-
call that for an invariant form ω ∈ Ω∗inv(E,R) we have a decomposition
ω = π∗(α) +A ∧ π∗(β)
and that the T-duality map T = pˆ∗ ◦ e
B ◦ p∗ sends ω to
Tω = πˆ∗(β)− Aˆ ∧ πˆ∗(α).
There is a natural action of sections of TE ⊕ T ∗E on Ω∗(E). Let a be a
section of TE ⊕ T ∗E and ω ∈ Ω∗(E). Then
aω = iY ω + a ∧ ω.
If a and ω are invariant one sees easily that
T (aω) = −φ(a)Tω (13)
We also have that T intertwines dH and dHˆ up to sign:
T (dHω) = −dHˆ(Tω). (14)
The Dorfman bracket is a derived bracket in the sense that
[a, b]Hω = [[dH , a], b]ω
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[27] where a, b are sections of TE ⊕ T ∗E and ω ∈ Ω∗(E). Writing this out
in full we have
[a, b]Hω = dH(abω)− adH(bω)− bdH(aω) + badHω.
Applying T and using properties (13),(14) we find
φ([a, b]H )Tω = dHˆ(φ(a)φ(b)Tω) − φ(a)dHˆ (φ(b)Tω)
−φ(b)d
Hˆ
(φ(a)Tω) + φ(b)φ(a)d
Hˆ
Tω,
which reduces to simply
φ([a, b]H) = [φ(a), φ(b)]Hˆ .
From this it follows easily that φ is an isomorphism of Courant algebroids.
9 Examples
We will consider some low dimensional examples of circle bundle T -duality.
Since the case of oriented circle bundles has already been considered in the
literature our examples will focus on non-oriented circle bundles.
In order to calculate twisted K-theory we make extensive use of the
Atiyah-Hirzebruch spectral sequence. For a twisting class τ = (ξ, η) ∈
H1(M,Z2) × H
3(M,Z) The spectral sequence has Ep,q2 = H
p(M,Kq(pt))
and abuts to the twisted K-theory K∗(M, τ) [2]. Note that the coefficients
in the E2 term are twisted by ξ.
For examples of dimension no greater than three the only possibly non-
trivial differential is d3 : H
0(M,Zξ) → H
3(M,Zξ). If the class ξ is non-
trivial then H0(M,Zξ) = 0, so E2 = E∞. If ξ = 0 then it is known that
d3(x) = Sq
3
Z
(x) − ηx, where Sq3
Z
is an integral Steenrod operation [3]. Re-
stricted to d3 : H
0(M,Z) → H3(M,Z) however the differential reduces to
just d3(x) = −ηx. In either case, we see that it is quite simple to apply the
spectral sequence in low dimensions.
In some examples we will only be able to determine the twisted K-theory
groups up to an extension problem. In such cases however we get an exact
result on the T-dual, so T-duality allows us to solve the extension problem.
9.1 Klein bottle
Let M = S1. There are two S1-bundles over M , the trivial oriented bundle
T 2 → S1 and the unique non-oriented bundle K → S1 which is the Klein
bottle. Since these bundles are 2-dimensional they can not have a non-trivial
H-flux. We conclude that T 2 and K are self T -dual.
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Let ξ denote the non-trivial class in H1(S1,Z2) = Z2. The cohomologies
of K with coefficients in Z or Zξ are easily computed to be
i H i(K,Z) H i(K,Zξ)
0 Z 0
1 Z Z⊕ Z2
2 Z2 Z
From this table we can easily apply the Atiyah-Hirzebruch spectral se-
quence. There is no extension problem and we find
i Ki(K) Ki(K, ξ)
0 Z⊕ Z2 Z
1 Z Z⊕ Z2
in accordance with T-duality.
9.2 Non-oriented circle bundles over compact Riemann sur-
faces
Let Σg be a compact connected Riemann surface of genus g. We will con-
sider circle bundles over Σg with fibre orientation class 0 6= ξ ∈ H
1(Σg,Z2).
Note that H1(Σg,Z) = Z
2g
2 , so we assume g > 0.
The cohomologies of Σg with coefficients Z,Zξ are
i H i(Σg,Z) H
i(Σg,Zξ)
0 Z 0
1 Z2g Z2g−2 ⊕ Z2
2 Z Z2
in particular, H2(Σg,Zξ) = Z2, so there are exactly two circle bundles over
Σg with fibre orientation class equal to ξ. For j ∈ Z2, let E
j
g denote the
corresponding circle bundle.
We will determine the cohomology of Ejg with coefficients in Z and Zξ.
To do this we first calculate the cohomology with local coefficients Zξ by
the Leray-Serre spectral sequence then we use Poincare´ duality to determine
the cohomology with Z coefficients. Doing this avoids an extension problem.
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We find
i H i(E0g ,Z) H
i(E0g ,Zξ) H
i(E1g ,Z) H
i(E1g ,Zξ)
0 Z 0 Z 0
1 Z2g Z2g−1 ⊕ Z2 Z
2g
Z
2g−1 ⊕ Z2
2 Z2g−1 ⊕ Z2 Z
2g ⊕ Z2 Z
2g−1
Z
2g
3 Z2 Z Z2 Z
For either bundle we find H3(Ejg ,Z) = Z2. Let k ∈ Z2 and let ηk ∈
H3(Ejg ,Z) be the corresponding H-flux. T-duality of pairs (E
j
g , ηk) in this
case is easily seen to be the interchange j ↔ k.
We now turn to the calculation of the twisted K-theory. Using the
Atiyah-Hirzebruch spectral sequence we obtain
i Ki(E0g , η0) K
i(E0g , (ξ, η0)) K
i(E1g , η0) K
i(E1g , (ξ, η0))
0 Z2g ⊕ Z2 Z
2g ⊕ Z2 Z
2g
Z
2g
1 Z2g ⊕ Z2 ∗ Z
2g ⊕ Z2 ∗
i Ki(E0g , η1) K
i(E0g , (ξ, η1)) K
i(E1g , η1) K
i(E1g , (ξ, η1))
0 Z2g ⊕ Z2 Z
2g ⊕ Z2 Z
2g
Z
2g
1 Z2g ∗ Z2g ∗
where the four ∗ terms indicates that the spectral sequence does not com-
pletely determine these groups. Fortunately we can use T-duality to fill in
the remaining blanks, thus the complete list is
i Ki(E0g , η0) K
i(E0g , (ξ, η0)) K
i(E1g , η0) K
i(E1g , (ξ, η0))
0 Z2g ⊕ Z2 Z
2g ⊕ Z2 Z
2g
Z
2g
1 Z2g ⊕ Z2 Z
2g ⊕ Z2 Z
2g ⊕ Z2 Z
2g ⊕ Z2
i Ki(E0g , η1) K
i(E0g , (ξ, η1)) K
i(E1g , η1) K
i(E1g , (ξ, η1))
0 Z2g ⊕ Z2 Z
2g ⊕ Z2 Z
2g
Z
2g
1 Z2g Z2g Z2g Z2g
9.3 Non-oriented circle bundles over non-orientable compact
surfaces
Consider now connected, compact non-orientable surfaces. Every such sur-
face can be expressed as an n-fold connected sum Mn = #
n
RP
n. We have
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H1(Mn,Z2) = Z
n
2 . We consider non-orientable circle bundles over Mn with
fibre orientation class 0 6= ξ ∈ H1(Mn,Z2). Let w ∈ H
1(M2,Z2) denote the
first Stiefel-Whitney class of Mn. For simplicity we will only consider the
case ξ = w, although the case ξ 6= w is no harder to compute.
The cohomologies of Mn with Z and Zξ coefficients are
i H i(Mn,Z) H
i(Mn,Zξ)
0 Z 0
1 Zn−1 Zn−1 ⊕ Z2
2 Z2 Z
Let j ∈ Z = H2(Mn,Ze) and E
j
n → Mn the corresponding circle bundle.
Next we will compute the cohomology of Ejn. For this the Leray-Serre spec-
tral sequence by itself is inadequate and so we consider the fundamental
group of Ejn. One finds
π1(E
j
n) = 〈a1, a2, . . . , an, x | a
2
1a
2
2 . . . a
2
n = x
j , x2 = 1〉.
We conclude that H1(Ej ,Z) = Z
n−1⊕Z2⊕Z2 if j is even, Z
n−1⊕Z4 if j is
odd. From here the Leray-Serre spectral sequence suffices and we obtain
i H i(Ejn,Z), j even H i(E
j
n,Z), j odd H i(E
j
n,Zξ), j = 0 H
i(Ejn,Zξ), j 6= 0
0 Z Z 0 0
1 Zn−1 Zn−1 Zn ⊕ Z2 Z
n−1 ⊕ Z2
2 Zn−1 ⊕ Z2 ⊕ Z2 Z
n−1 ⊕ Z4 Z
n
Z
n−1 ⊕ Zj
3 Z Z Z2 Z2
Let k ∈ Z and let ηk ∈ H
3(Ejn,Z) be the corresponding class. As in the last
example T -duality amongst pairs (Ejn, ηk) is the interchange j ↔ k.
As usual we attempt to calculate the twisted K-theory with the Atiyah-
Hirzebruch spectral sequence. We again find that some of the groups are
determined up to an extension problem, but we can use T-duality to deter-
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mine the answer. We find
i Ki(Ejn, ηk) K
i(Ejn, ηk) K
i(Ejn, ηk) K
i(Ejn, ηk)
j even, k = 0 j odd, k = 0 j even, k 6= 0 j odd, k 6= 0
0 Zn ⊕ Z2 ⊕ Z2 Z
n ⊕ Z4 Z
n−1 ⊕ Z2 ⊕ Z2 Z
n−1 ⊕ Z4
1 Zn Zn Zn−1 ⊕ Zk Z
n−1 ⊕ Zk
i Ki(Ejn, (ξ, ηk)) K
i(Ejn, (ξ, ηk)) K
i(Ejn, (ξ, ηk)) K
i(Ejn, (ξ, ηk))
j = 0, k even j 6= 0, k even j = 0, k odd j 6= 0, k odd
0 Zn Zn−1 ⊕ Zj Z
n
Z
n−1 ⊕ Zj
1 Zn ⊕ Z2 ⊕ Z2 Z
n−1 ⊕ Z2 ⊕ Z2 Z
n ⊕ Z4 Z
n−1 ⊕ Z4
References
[1] M. F. Atiyah, R. Bott, A. Shapiro, Clifford modules. Topology 3 (1964)
suppl. 1, 3-38.
[2] M. Atiyah, G. Segal, Twisted K-theory. Ukr. Math. Bull. 1 (2004), no.
3, 291-334.
[3] M. Atiyah, G. Segal, Twisted K-theory and cohomology. Inspired by S.
S. Chern, 5-43, Nankai Tracts Math., 11, World Sci. Publ., Hackensack,
NJ, (2006).
[4] A. Borel, F. Hirzebruch, Characteristic classes and homogeneous spaces.
I. Amer. J. Math. 80 (1958), 458-538.
[5] R. Bott, L. W. Tu, Differential forms in algebraic topology. Graduate
Texts in Mathematics, 82. Springer-Verlag, New York-Berlin, (1982).
[6] P. Bouwknegt, A. Carey, V. Mathai, M. Murray, D. Stevenson, Twisted
K-theory and K-theory of bundle gerbes. Comm. Math. Phys. 228
(2002), no. 1, 17-45.
[7] P. Bouwknegt, J. Evslin, V. Mathai, T-duality: topology change from
H-flux. Comm. Math. Phys. 249 (2004), no. 2, 383-415.
[8] P. Bouwknegt, K. Hannabuss, V. Mathai, T-duality for principal torus
bundles and dimensionally reduced Gysin sequences. Adv. Theor. Math.
Phys. 9 (2005), no. 5, 749-773.
[9] P. Bouwknegt, K. Hannabuss, V. Mathai, Nonassociative tori and ap-
plications to T-duality. Comm. Math. Phys. 264 (2006), no. 1, 41-69.
60
[10] U. Bunke, T. Schick, On the topology of T-duality. Rev. Math. Phys.
17 (2005), no. 1, 77-112.
[11] U. Bunke, P. Rumpf, T. Schick, The topology of T-duality for T n-
bundles. Rev. Math. Phys. 18 (2006), no. 10, 1103-1154.
[12] A. L. Carey, B.-L. Wang, Thom isomorphism and push-forward map in
twisted K-theory. J. K-Theory 1 (2008), no. 2, 357-393.
[13] A. L. Carey, B.-L. Wang, Riemann-Roch and index formulae in twisted
K-theory. Superstrings, geometry, topology, and C∗-algebras, 95-131,
Proc. Sympos. Pure Math., 81, Amer. Math. Soc., Providence, RI,
(2010).
[14] A. L. Carey, J. Mickelsson, B.-L. Wang, Differential twisted K-theory
and applications. J. Geom. Phys. 59 (2009), no. 5, 632-653.
[15] G. Cavalcanti, New aspects of the ddc-lemma. D.Phil. thesis, Oxford
University, (2004). math.DG/0501406.
[16] T. J. Courant, Dirac manifolds. Trans. Amer. Math. Soc. 319 (1990),
no. 2, 631-661.
[17] P. Donovan, M. Karoubi, Graded Brauer groups and K-theory with
local coefficients. Inst. Hautes E´tudes Sci. Publ. Math. No. 38 (1970)
5-25.
[18] C. J. Earle, J. Eells, A fibre bundle description of Teichmu¨ller theory.
J. Differential Geometry 3 (1969) 19-43.
[19] S. Eilenberg, Homology of spaces with operators. I. Trans. Amer. Math.
Soc. 61, (1947) 378-417; errata, 62, 548 (1947).
[20] D. S. Freed, M. J. Hopkins, C. Teleman, Loop groups and twisted K-
theory I, arXiv:0711.1906v1 (2007).
[21] D. Freed, M. J. Hopkins, C. Teleman, Twisted equivariant K-theory
with complex coefficients. J. Topol. 1 (2008), no. 1, 16-44.
[22] A. Giveon, M. Porrati, E. Rabinovici, Target space duality in string
theory. Phys. Rep. 244 (1994), no. 2-3, 77-202.
[23] M. Gualtieri. Generalized complex geometry. D.Phil. thesis, Oxford Uni-
versity, (2003). math.DG/0401221.
[24] A. Hatcher, Algebraic topology. Cambridge University Press, Cam-
bridge, (2002).
[25] A. Hatcher. Spaces of incompressible surfaces. math.GT/9906074,
(1999).
61
[26] S. Hu, Reduction and duality in generalized geometry. J. Symplectic
Geom. 5 (2007), no. 4, 439-473.
[27] Y. Kosmann-Schwarzbach, Derived brackets. Lett. Math. Phys. 69
(2004), 61-87.
[28] M. K. Murray, Bundle gerbes. J. London Math. Soc. (2) 54 (1996), no.
2, 403-416.
[29] R. Lastovecki, Cohomology of BO(n1)×· · ·×BO(nm) with local integer
coefficients. Comment. Math. Univ. Carolin. 46 (2005), no. 1, 21-32.
[30] Z.-J. Liu, A. Weinstein, P. Xu, Manin triples for Lie bialgebroids. J.
Differential Geom. 45 (1997), no. 3, 547-574.
[31] V. Mathai, D. Stevenson, Chern character in twisted K-theory: equiv-
ariant and holomorphic cases. Comm. Math. Phys. 236 (2003), no. 1,
161-186.
[32] V. Mathai, J. Rosenberg, T-duality for torus bundles with H-fluxes
via noncommutative topology. Comm. Math. Phys. 253 (2005), no. 3,
705-721.
[33] V. Mathai, J. Rosenberg, T-duality for torus bundles with H-fluxes
via noncommutative topology. II. The high-dimensional case and the
T-duality group. Adv. Theor. Math. Phys. 10 (2006), no. 1, 123-158.
[34] J. Rosenberg, Continuous-trace algebras from the bundle theoretic
point of view. J. Austral. Math. Soc. Ser. A 47 (1989), no. 3, 368-381.
[35] D. Roytenberg, Courant algebroids, derived brackets and
even symplectic supermanifolds. PhD thesis, Berkeley (1993).
arXiv:math/9910078v1.
[36] P. Sˇevera, A. Weinstein, Poisson geometry with a 3-form background.
Noncommutative geometry and string theory, Progr. Theoret. Phys.
Suppl. No. 144 (2001), 145-154.
[37] H. Spanier, Algebraic topology. McGraw-Hill Book Co., New York-
Toronto, Ont.-London (1966).
[38] D. Stevenson, The Geometry of Bundle Gerbes, PhD thesis, University
of Adelaide (2000). math.DG/0004117.
62
